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∫
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°F¯ ²³µ°ﬁ­®± ¾>°u±O¯
¶³µ­Ø¹Ú±Ú¹ ¯
(n, k)
±O¯®¸§¸ß¯r»´7¯ó­Ø¹
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A\E ⊂ ⋃i Ui ⊂ ⋃i U ]i ⊂ A] 
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¹§¹  ∀ i ∈ I, Ui ⊂ U∗i ⊂ U ]i 
 
¹§¹¹  ∃Q1, ∀ i0 ∈ I, Card
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i ∈ I/U ]i0 ∩ U
]
i 6= ∅
}
≤ Q1 
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¹  Qª³>´«r± ³µ´± ³>´ ¶l¸ß¯
(i, j) ∈ I2 ­9¾>±Ú¹­ ¾>¹­9¾µ°u± Ui ∩ Uj 6= ∅  ³µ°Ô¶ﬁ¯®´±±Ú«#³µ´(µ¯®« k(i, j) ±O¯®¸
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¯±
µ(U∗k(i,j)) ≤ Q2 min (µ(Ui), µ(Uj)).
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∫
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∀ i ∈ V, mλ(i) = λ(Ui) 57õ ∀ {i, j} ∈ E , mλ(i, j) = max(mλ(i),mλ(j)).
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Ù@¾µ°ﬁ­
]1,∞] ¯± p Ù@¾>°ﬁ­ [1, k[ ﬁ l¹´°·#³µ°_«¯³>´( «¯®¼½¯®°u± U
ÙÛ¯
A
ÙÛ¾µ°ﬁ­
A]
­¾>±Ú¹§­ 9¾µ¹Ú±E¸ ¹§°F¬ @¾µ¸ ¹±O¬dÙÛ¯ |³Û·#³µ¸ß¯* ³µ°u±Ú¹°7´7¯
Lp
Ù¯QÙµ¹¼½¯®°ﬁ­Ø¹]³µ°
k  
ﬁ ﬂﬁ

h¯±
¸ ¹°F¬ Û¾µ¸º¹Ú±O¬QÙ¯ F³Û·³µ¸¯   &¹§«®¹ 	Û¸ß¯±
Lp
ÙÛ¯MÙµ¹¼½¯®°ﬁ­®¹Ú³µ° ∞   ﬁ  ﬁ   ¾µ¸ ³>«²­Q³µ°V¾e¸ ¹§°F¬ @¾µ¸ ¹±O¬XÙÛ¯
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∀ f ∈ C∞c (A),
∫
A
(
|f | pkk−p dλ
) k−p
k ≤ S
∫
A]
|df |p dµ.
r¯¶l¸º´­

³>°¶ﬁ¯´±  	³>¹­®¹§«
S = ScQ12
p−1+ p
k (1 + SdQ2(2
pQ21)
k
k−p )
k−p
k .
	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λ = µ

k = ∞ 8 p = 2 89àﬁñæµãﬁô@6;uñED%*ñ#Łö@æµñ + èÛ5M8ﬂ	D

ßæ-1Fû(æ>à#8&õ757à ﬃä*&
ﬁ  OD

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q := pkk−p
89æµ57àŁßõﬁ6ñæµ57à
f ∈ C∞c (A)
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Ł6óF8ñ8õ+,69ñ#Łñ8
∫
A
|f |q dλ ≤
∑
i∈V
∫
Ui
|f |q dλ
≤ 2q−1
∑
i∈V
∫
Ui
|f − fUi,λ|q dλ+ 2q−1
∑
i∈V
∫
Ui
|fUi,λ|q dλ
= 2q−1
∑
i∈V
∫
Ui
|f − fUi,λ|q dλ+ 2q−1
∑
i∈V
|fUi,λ|q λ(Ui).
C8ﬂﬁñ8oŁß8ñ8ñ8&89à#ß|æµñ#576ﬂuñ + Ł576öÛŁ6Eõﬁ8ó
æµßFæµß8ô29æµ5Û#Ł5ã78½:ﬁ852ñ8½ñêãu5ÛêÛã78
q ≥ p 885 ãﬁ#ŁŁßà²5;õﬁ6/75ﬁŁ#Łßæµ5.õ+ ãﬁ5 ßFæµ52ñ899æµãﬁô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∑
i∈V
∫
Ui
|f − fUi,λ|q dλ ≤ Sq/pc
∑
i∈V
(∫
U∗i
|df |p dµ
)q/p
≤ Sq/pc
(∑
i∈V
∫
U∗i
|df |p dµ
)q/p
≤ Sq/pc Qq/p1
(∫
A]
|df |p dµ
)q/p
.
çæµãﬁñ89à#Ł 8ñß8ﬂà899æµ57õ28ñ87æµ5.rñ899æµãﬁñà?r + Ł576öÛŁ6óõﬁ8r
æµßFæµß8ôﬃõŁßàñﬃﬀ8:
∑
i∈V
|fUi,λ|q λ(Ui) ≤ Sd
∑
{i,j}∈E
∣∣fUi,λ − fUj ,λ∣∣q max(λ(Ui), λ(Uj)).

Ł {i, j} 89à#ﬂãﬁ578Ôñﬃﬂ8% + Ł576öÛŁ6½õﬁ8½! 8µßõﬁ8ñó8óß89àﬂﬁñæµﬁñ#Łß669àEõãXßFæµ5Mñ899æµãﬁôñ885Û
&

9æµ57õãﬁŁßà85 ﬃ:
|fUi,λ − fUi,λ|q max(λ(Ui), λ(Uj))
=
max(λ(Ui), λ(Uj))
λ(Uj)qλ(Ui)q
∣∣∣∣∣
∫
Ui
∫
Uj
(f(x)− f(y))dλ(x)dλ(y)
∣∣∣∣∣
q
≤ max(λ(Ui), λ(Uj))
λ(Ui)λ(Uj)
∫
Ui
∫
Uj
|f(x)− f(y)|q dλ(x)dλ(y)
≤ Q2 1
λ(U∗k(i,j))
∫
U∗
k(i,j)
∫
U∗
k(i,j)
|f(x)− f(y)|q dλ(x)dλ(y).
-bŁ5Û85u57à#Ł
X
89à#ãﬁ5¢ß|æµñ6Łß85ﬃõﬁ8
λ
û 89à#ãﬁñ8?75ﬁŁß857æµ5ﬃ5ãﬁß88à#Ł
g
89à#ãﬁ578ò]æµ57#Łßæµ5
õﬁ8
Lq(X,λ)
7æµ53
1
λ(X)
∫
X
∫
X
|g(x) − g(y)|q dλ(x)dλ(y)
≤ 1
λ(X)
∫
X
∫
X
2q−1(|g(x)|q + |g(y)|q)dλ(x)dλ(y)
≤ 2q
∫
X
|g(x)|q dλ(x).
ﬁﬁŁßêã7æµ57à989Ł 
f − fU∗
k(i,j),λ
ﬁà#ãﬁñ
U∗k(i,j)
:
∣∣fUi,λ − fUj ,λ∣∣q max(λ(Ui), λ(Uj)) ≤ Q22q ∫
U∗
k(i,j)
∣∣∣f − fU∗
k(i,j),λ
∣∣∣q dλ.
+ Ł576öÛŁ6óõﬁ8E
æµß|æµß8ô¢9æµ5#Ł5Ûã78óòÚæµãﬁñ#5ﬁŁ
∣∣fUi,λ − fUj ,λ∣∣q max(λ(Ui), λ(Uj)) ≤ Q22qSq/pc
(∫
U]
k(i,j)
|df |p dµ
) q
p
.
$53æµßﬁ#Łß85Ûõﬁæµ57½:
∑
i∈V
|fUi,λ|q λ(Ui) ≤ Sd
∑
{i,j}∈E
Q22
qSq/pc
(∫
U]
k(i,j)
|df |p dµ
) q
p
.
	9æ  8
q ≥ p Ł%ôŁß85Ûó:
∑
i∈V
|fUi,λ|q λ(Ui) ≤ SdQ22qSq/pc

 ∑
{i,j}∈E
∫
U]
k(i,j)
|df |p dµ


q
p
.
C89àﬁñæµﬁñ#Łß669àõ+ ãﬁ5ﬀßFæµ52ñ899æµãﬁôñ885Ûﬂµàà#ãﬁñ8ﬂêã78o:
∑
{i,j}∈E
∫
U]
k(i,j)
|df |p dµ ≤ Q21
∑
i∈V
∫
U]i
|df |p dµ ≤ Q31
∫
A]
|df |p dµ.
><
;+,æ)(X: ∑
i∈V
|fUi,λ|q λ(Ui) ≤ SdQ22qSq/pc Q3q/p1
(∫
A]
|df |p dµ
) q
p
.
$5.ñ#ñ#Łô@8 75uß885Û 2:
∫
A
|f |q dλ ≤ 2q−1(Sq/pc Qq/p1 + SdQ22qSq/pc Q3q/p1 )
(∫
A]
|df |p dµ
) q
p
.
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]1,∞] ¯± p Ù@¾µ°ﬁ­ [1, k[ ﬁ l¹/´°d·#³>°M«#¯²³µ´(«#¯®¼½¯®°l±	°7¹
U ÙÛ¯ A ÙÛ¾µ°ﬁ­ A] ­9¾>±Ú¹§­ 9¾µ¹±´°F¯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´°F¯r¹°F¬ @¾>¸º¹Ú±O¬oÙÛ¯ F³·#³µ¸ß¯*  E¯®´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9±O¯
Lp
ÙÛ¯oÙ>¹§¼½¯®°ﬁ­®¹Ú³>° ∞   ﬁ ﬂﬁ    ¾µ¸³µ«Ø­r³µ°X¾¢´°F¯
¹°F¬ @¾>¸º¹Ú±O¬rÙÛ¯F³Û·#³µ¸ß¯*   ó¯®´¼¾µ°7° 
∀ f ∈ C∞(A),
∫
A
(
|f − fA,λ|
pk
k−p dλ
) k−p
k ≤ S
∫
A]
|df |p dµ.
÷}±³µ°Ô¶ﬁ¯®´± 	³µ¹§­Ø¹«
S = ScQ12
2p−1+ p
k (1 + SdQ2(2
pQ21)
k
k−p )
k−p
k
ﬁ

= 
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_57æµãﬁô@8 ãµ|æ>àæµ57à
q := pkk−p
8é7æµŁßàŁßààæµ57à
f ∈ C∞c (A)
DÛ$5r|8ãﬁõ+ ß|æµñõr57æµ8ñ + Ł576öÛŁ6
‖f − fA,λ‖Lq(A,λ) ≤ 2 infc∈R ‖f − c‖Lq(A,λ) .
ç/ñæµãﬁô@æµ57àrñ²ﬁŁßõﬁ885Û;:|æµãﬁñæµãﬁñ698
c
7æµ52F8ãﬁ69ñ#Łñ8
‖f − fA,λ‖Lq(A,λ) ≤ ‖f − c‖Lq(A,λ) + ‖c− fA,λ‖Lq(A,λ)
= ‖f − c‖Lq(A,λ) + |fA,λ − c| λ(A)
1
q
= ‖f − c‖Lq(A,λ) +
∣∣∣∣
∫
A
(f − c)dλ
∣∣∣∣ λ(A) 1q−1
õﬁæµ57ﬁôŁr + Ł576öÛŁ6óõﬁ8ó! 8µßõﬁ8ñ
‖f − fA,λ‖Lq(A,λ) ≤ ‖f − c‖Lq(A,λ) +
(∫
A
|f − c|q dλ
) 1
q
λ(A)1−
1
q λ(A)
1
q
−1
= 2 ‖f − c‖Lq(A,λ) ,
õ+,æ)( ß8ñ69àãﬁ² D
	5 uñ##ŁßãﬁŁß8ñuà#Ł%æµ53é7æµŁßà#Ł
c := mλ(fU.,λ) =
∑
i∈V fUi,λλ(Ui)∑
i∈V λ(Ui)
,

æµ5 |8ãﬁ69ñ#Łñ8
∫
A
|f − fA,λ|q dλ ≤ 2q
∫
A
|f − c|q dλ
≤
∑
i∈V
∫
Ui
|f − c|q dλ
≤ 22q−1
∑
i∈V
∫
Ui
|f − fUi,λ|q dλ+ 22q−1
∑
i∈V
∫
Ui
|fUi,λ − c|q dλ
= 22q−1
∑
i∈V
∫
Ui
|f − fUi,λ|q dλ+ 22q−1
∑
i∈V
|fUi,λ − c|q λ(Ui).
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Q8ñ89àE9æ  8¢õ757àE2ﬁñ8ãﬁô@8¢õãX#é769æµñﬃﬀ82<D
>D

:
>+,89à#Fæµãﬁñß|æµñ#578ñß8ﬂà899æµ57õ êã7857æµ#ñ8&²é7æµŁ 2õﬁ8
c
89à#õﬁ68ñoŁ5u5 D

	
o<D
>D

ﬁ/53ò]Łl989àñ#ö>ã 85Ûàﬂ9æµ57õãﬁŁßà²85Û,oõﬁ89à#é769æµñﬃﬀ89àﬁã7àö@6576ñ²ãD|$5
|8ãﬁ½uñﬃ8 8oﬁß8.657æµ5798ñﬃãﬁ578 ô@8ñà#Łßæµ5

Łñ#Łß²éﬁß8 FDç/ñ857æµ57à
1 ≤ p ≤ r ≤ q ≤ ∞
8ÔFæ>àæµ57à
k = qpq−p
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Łãﬁ5ß|æµ5hñ899æµãﬁô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õﬁ8½
æµß|æµß8ô39æµ5#Ł5Ûã78
Lp
õﬁ8rõŁ 857àŁßæµ5
k
å] ô@899æµ57à#²58
Sc
ë/|ãﬁ578;Ł576öÛŁ6oõﬁ8½
æµß|æµß8ôÛû
Łñ#Łßéﬁß8ﬂõŁßàñﬃﬀ8
Lr
õﬁ8EõŁ 857à#Łßæµ5 rq
q−r
å] ô@89E9æµ57à#²58
Sd
ë}8ãﬁ578&Ł576öÛŁ6rõﬁ8r
æµß|æµß8ô
9æµ5#Ł5Ûã78
Lp
õﬁ8oõŁ 857àŁßæµ5 pr
r−p
å] ô@89o9æµ57à#²5Û8
S′c
ë/|ßæµñàﬂæµ5QõŁßàFæ>à8;õ+ ãﬁ578;Ł576öÛŁ6oõﬁ8

æµß|æµß8ôÛûOŁñ#Łß²éﬁß8
Lp
õﬁ8óõŁ 857à#Łßæµ5
k
:
∀ f ∈ C∞c (A),
(∫
A
|f |q dλ
)p/q
≤ S
∫
A]
|df |p dµ,
 ô@89
S = 2p−p/q
(
(Q1Sc)
q/p +
(
SdQ22
r(S′c)
r/p
)q/r
Q
3q/p
1
)p/q
.
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õﬁ8½õŁ 857àŁßæµ5
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1 < k ≤ ∞ ë89à#óﬁã7àﬂò]æµñ#8
êã78ß89àŁ576öÛŁ69à
Lp
õﬁ8  ﬂ8&õŁ 857à#Łßæµ5uFæµãﬁñ
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C ≥ 1 ±O¯®¸	»´ﬁ¯¶³µ´«± ³µ´±O¯¾µ« ±O¯ {i, j}  C−1m(i) ≤ m(j) ≤
Cm(i)
ﬁ

¸³µ«Ø­ó¬9± ¾µ°u±}Ù@³µ°7°F¬
k
Ù@¾µ°ﬁ­
]1,∞]  ¸  ¹°F¬ @¾µ¸ ¹Ú±O¬EÙ¯ |³Û·#³µ¸ß¯* L1 ÙÛ¯rÙµ¹¼½¯®°ﬁ­Ø¹]³µ° k
∀ f ∈ L1(V,m),
(∑
i∈V
|f(i)| kk−1 m(i)
) k−1
k
≤ S
∑
{i,j}∈E
|f(i)− f(j)|m(i, j) å]<D
ë
!+
¹¼¶l¸º¹]»´7¯ó¸  ¹§°|¬ @¾µ¸ ¹±O¬rÙÛ¯F³·#³µ¸ß¯*
Lp
ÙÛ¯rÙµ¹§¼½¯®°7­Ø¹]³µ°
k
∀ f ∈ Lp(V,m),
(∑
i∈V
|f(i)| pkk−p m(i)
) k−p
pk
≤ S′

 ∑
{i,j}∈E
|f(i)− f(j)|pm(i, j)


1
p
å]<D <@ë
Ù ®­E»´ﬁ¯
p
¾Ø¶@¶¾>«®±Ú¹ ¯®°u± 
[1, k[
ﬁr¯¶l¸º´­

³µ°¶7¯®´±  	³>¹­®¹§«
S′ = 2pk−1k−pS(dC)
1− 1
p
ﬁ

= 
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æµŁ
f
ãﬁ5b6ß685Ûﬂõﬁ8
R
V ½àãﬁﬁFæµñ# 75ﬁŁ D$5.à8rõﬁæµ5ﬁ578óãﬁ5.uñ²  ﬀ#ñ8 γ ≥ 1    8ñﬁã7à
²ñõD7	53ﬁﬁŁßêÛãu5rå]<D
ë  |f |γ 7æµ52#ñæµãﬁô@8Ô:
(∑
i∈V
|f(i)| γkk−1 m(i)
) k−1
k
≤ S
∑
{i,j}∈E
||f(i)|γ − |f(j)|γ |m(i, j).
$ñàŁ
a
8
b
àæµ5Ûõﬁ8ãﬃ57æ Eßﬁñ89àñ698ßàuæµ5 õŁßà#Fæ>à²8ﬂõﬁ8ﬂ + Ł576öÛŁ6½:
||a|γ − |b|γ | ≤ γmax(|a| , |b|)γ−1 ||a| − |b|| ≤ γ |a− b| (|a|γ−1 + |b|γ−1).
çñ9æµ57à69êã785Ûuæµ53
(∑
i∈V
|f(i)| γkk−1 m(i)
) k−1
k
≤ γS
∑
{i,j}∈E
|f(i)− f(j)| (|f(i)|γ−1 + |f(j)|γ−1)m(i, j).
	+ Ł576öÛŁ6Eõﬁ8&! 8µßõﬁ8ñßFæµñ#578ß8 8óßﬁñ8óõﬁ8ﬂõñæµŁ8&uñ
2γS

 ∑
{i,j}∈E
|f(i)− f(j)|pm(i, j)


1
p

 ∑
{i,j}∈E
|f(i)|(γ−1) pp−1 m(i, j)

1−
1
p
857æ>àéÛèFæµ#é!ﬀ9à89àà#ãﬁñß8ﬂö>ñ²ﬁé78 ½7#æµñ8&989Ł%uñ
2γS(dC)1−
1
p

 ∑
{i,j}∈E
|f(i)− f(j)|pm(i, j)


1
p (∑
i∈V
|f(i)|(γ−1) pp−1 m(i)
)1− 1
p
.
%à#ã&%ßæµñàõﬁ8óé7æµŁßà#Łñ
γ := pk−1k−p ≥ 1
|æµãﬁñ9æµ57ãﬁñ8&rﬁñ8ãﬁô@8>D

-bŁ5Û85u5æµ5ôµ&8 ﬁŁßêã78ñ	|æµãﬁñêÛã7æµŁFõﬁ89à	Ł576öÛŁ69àõãOèF8Eå]<D
ë/õﬁ699æµãﬁß85Û}õ+ Ł576öÛ û
Ł69àŁßà²æµF6ñ#Ł 6#ñ#Łßêã789àà#ãﬁñß8ö>ñ²ﬁé78>D
ý;7ð©%¨)©<D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
 F³>¹±
(V, E) ´° >«0¾Ø¶ 	¯ ﬁ }°QÙÛ¬ °7¹±¸ß¯o·#³µ«#Ù ∂Ω Ù ´°F¯¶ﬁ¾µ«®±Ú¹ ¯ Ω ÙÛ¯ V
¶¾>«
∂Ω := {{i, j} ∈ E , {i, j} ∩ Ω 6= ∅ ¯± {i, j} ∩ (V\Ω) 6= ∅} .


 âu¨¤7¨)¡ ¨)©1<D
>D   F³µ¹Ú±
(V, E ,m) ´° >«0¾Ø¶ 	¯ó¶³µ°FÙÛ¬®«¬¢¹§° 	°7¹ ﬁ  ¹ø@³µ°ﬁ­ k Ù@¾µ°7­ ]1,∞] ﬁ

¸³µ«Ø­¸ ¹§°F¬ @¾µ¸ ¹±O¬ó¹§­³Ø¶ﬁ¬«Ø¹¼½¬±Ú«Ø¹]»´7¯;ÙÛ¯rÙµ¹¼¯°ﬁ­Ø¹]³µ°
k
∀Ω ⊂ V ¾¯ m(Ω) <∞, m(Ω)
k−1
k
m(∂Ω)
≤ I å]<D @ë
¯Ø­±}¬»´¹  ¾µ¸ß¯®°u±O¯¸ ¹°F¬ Û¾µ¸º¹Ú±O¬rÙÛ¯F³Û·#³>¸¯*
L1
ÙÛ¯rÙµ¹¼½¯®°ﬁ­®¹Ú³µ°
k
∀ f ∈ L1(V,m),
(∑
i∈V
|f(i)| kk−1 m(i)
) k−1
k
≤ I
∑
{i,j}∈E
|f(i)− f(j)|m(i, j).

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çæµãﬁñ æµ5Û#ñ8ñ&êã78r + Ł576öÛŁ6oõﬁ8o
æµß|æµß8ôﬀŁ oﬁŁßêã78r + Ł576öÛŁ6;Łßàæµ|6ñ#Ł 6#ñ#ŁßêÛã78æµ5bãﬁ#ŁŁßà8
à#Ł oﬁß885ß89àò]æµ57#Łßæµ57à ñ²µ6ñ#Łßà##Łßêã789àõﬁ89àuñ##Łß89àõﬁ8 V õﬁ8 89à#ãﬁñ8,75ﬁŁß8ó9æ  8ﬂò]æµ57®û
#Łßæµ57àÔ89à# D	çæµãﬁñ æµ5#ñ8ñÔ + Ł oﬁŁß #Łßæµ5iŁ5Ûô@8ñà²8æµ5Fæ>à8
q = kk−1
8Ôæµ5i9æµ57à#Łßõ9ﬀñ8 ãﬁ578
ò]æµ57#Łßæµ5
f
;à#ãﬁﬁ|æµñ#'75ﬁŁCõ757à V Dﬁç)æµãﬁñæµãﬁ i õﬁ8 V ﬁæµ53
f(i) =
∫ f(i)
0
dt =
∫ ∞
0
1t<f(i)dt,
õﬁæµ57
‖f‖Lq(V ,m) ≤
∫ ∞
0
∥∥1t<f(.)∥∥Lq(V ,m) dt =
∫ ∞
0

 ∑
{i∈V , f(i)>t}
m(i)


1
q
dt.
	+ Ł576öÛŁ6óŁßàæµ|6ñ#Ł 6#ñ#ŁßêÛã78óF8ñ8õ+,85 õﬁ69õãﬁŁñ8Ô:
‖f‖Lq(V ,m) ≤ I
∫ ∞
0
m(∂ {i ∈ V, f(i) > t})dt
= I
∫ ∞
0
∑
{{i,j}∈E , f(j)≤t<f(i)}
m(i, j)dt
= I
∑
{i,j}∈E
|f(i)− f(j)|m(i, j),
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B(x, t)
à8ñ²ﬂßFæµãﬁß8ö@69æõﬁ69à#Łßêã78õﬁ8985Û#ñ8
x
8	õﬁ8ñ² è@æµ5
t
D
$5 57æµ8ñ²
S(x, t) := ∂B(x, t)
à#ﬁé!ﬀñ8ﬂö@69æõﬁ69à#ŁßêÛã78ó9æµñ#ñ89à#Fæµ57õ758>D
V (x, t)
õﬁ69àŁö>578ñ²;ß8
ô@æµã 8&õﬁ8
B(x, t)
Dﬁæµã7àõŁßà##Ł5ﬁö>ã78ñæµ57àæµã)0æµãﬁñà}ãﬁ52|æµŁ5Û
o
õ757àrô>ñ#Łß66o:êÛãu57õﬃ57æµã7à
9æµ57à#Łßõﬁ6ñ8ñæµ57àõﬁ89àß|æµãﬁß89à}õﬁ8985Û#ñ8
o
ŁF57æµã7àñ#ñ#Łô@8ñ²rõﬁ8 +,æ 8##ñ8ﬁ69ñ#Łôµ5uñ}8 ﬁ8oﬁß8
B(t)
æµã
V (t)
D/57557æµã7à#ñ² ôµŁß8ñæµ57àß|8 ã79æµãﬁ 9ô@89ß89à5ﬁ578 ã
A(s, t) := B(t)\B(s)
985#ñ69à85
o
D
C8#é769æµñﬃﬀ8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õﬁ8Łß9Ł7|æ>à#Ł#Łô@8>ﬂñæµŁßààØ5798õãô@æµã 8õﬁ89à	ß|æµãﬁß89à	89à#àæµã7à#ûO8ã7ŁßõŁß85ﬁ57885ãﬁ5Ôà857à/#ñﬃﬀ9à
ò]æµñ# Dﬁ	+,657æµ5796&ﬁñ69Łßà89à#ß8&à#ãﬁŁô>5Û D
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 F³µ¹Ú±
M
´°|¯  ¾µ«®¹]¬9±O¬ ³µ¼¶l¸ ±O¯  ³µ´«9·´«¯.ÙÛ¯
ì¹ ¹|¶³µ­Ø¹Ú±Ú¹ ¯ ﬁ

¸ ³µ«Ø­¶³µ´«E± ³µ´±|¶ﬁ³µ¹§°l±
x
ÙÛ¯
M 
¸¾ ³µ° 9±Ú¹Ú³>°
ρx
ÙÛ¬ °7¹]¯}¶³µ´«
t ≥ 0 ¶ﬁ¾µ«
ρx(t) =
tn
volB(x, t)
¯Ø­± 9«0³µ¹§­²­9¾µ°u±O¯ ﬁ

´±Ú«¯®¼½¯®°u±Ùµ¹Ú±

¶ﬁ³µ´«
0 < s < t 
³µ°M¾
∀x ∈M, volB(x, t)
volB(x, s)
≤
(
t
s
)n
.
å]<D +ë
)° ²³µ«0³>¸§¸¾µ¹«#¯ﬂ´±Ú¹¸¯ﬂ¯®­®±/»´7¯­Ø¹
x
¯±
y
­³µ°u±ÙÛ¯®´>ø¶³>¹§°u±­Ù¯
M
¯±)­Ø¹
0 < s < t+d(x, y) 
¾µ¸ ³>«²­
volB(y, t)
volB(x, s)
≤ volB(x, t+ d(x, y))
volB(x, s)
≤
(
t+ d(x, y)
s
)n
.
å]<D
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ë
$5X#ñæµãﬁô@8ñ²ﬃãﬁ578oﬁñ8ãﬁô@8ouñó8 ﬁ8oﬁß8õ757à ﬃäéu	 OD%æµã7à&ãﬁ#ŁŁßà8ñæµ57àó9æµ57à#²  85óß8
9æµñæµŁñ8Eà#ãﬁŁôµ5uŁ57à#Ł%êã78&à²rﬁñ8ãﬁô@8>D
á¨âu¨¥Û¥@)â b<D <D < |³µ¹±
Mn
´°F¯  ¾µ«®¹]¬±O¬&«®¹]¯®¼¾µ°u°7¹]¯°7°F¯ ³>¼¶F¸ ±O¯

³µ°7°F¯øÛ¯

°l³µ° ³µ¼
¶¾ 9±O¯e¯±  ³µ´«9·´«¯eÙÛ¯.ì¹ ¹¶ﬁ³­Ø¹Ú±Ú¹ µ¯ ﬁ

¸ ³>«²­Ô¶³µ´«X± ³µ´±
κ > 1 
¹§¸Ý¾´°|¯ ³>°ﬁ­®± ¾µ°l±O¯
C(n, κ) ≥ 1 ±O¯®¸¸ß¯E»9´ﬁ¯¶³µ´«ó± ³µ´±%¶³µ¹°u± x ÙÛ¯ M ¯±± ³µ´±	«¬¯®¸ t > 0 
C(n, κ)−1 ≤ vol (B(x, κt)\B(x, t))
vol (B(x, t)\B(x, κ−1t)) ≤ C(n, κ).
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y
à#ãﬁñ%à#ﬁé!ﬀñ8/ö@69æõﬁ69à#ŁßêÛã78
S(x, (κ+1)t/2)
åãﬁ5;8ﬁ|æµŁ5Û/8 Łßà8uñ98êã%+,æµ5à#ãﬁﬁFæ>à²6
M
57æµ5ûO9æ ouµ8@9æ oﬁﬁﬀ88	9æµ5ﬁ578 8ë®D>ßæµñà
;ß|æµãﬁß8
B := B(y, (κ− 1)t/2) 89à9æµ5Û85Ûã78rõ757à B(x, κt)\B(x, t) Du;+,æ)(X:
vol(B(x, t)\B(x, κ−1t))
vol(B(x, κt)\B(x, t)) ≤
volB(x, t)
volB(y, (κ− 1)t/2) .
@?
/rå]<D

ë}9æµ57õãﬁŁ?
vol(B(x, t)\B(x, κ−1t))
vol(B(x, κt)\B(x, t)) ≤
(
t+ (κ+1)t2
(κ−1)t
2
)n
=
(
κ+ 3
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B(o,t)
|df |p dvol,
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o
∀t ≥ s > 0, volB(o, t)
volB(o, s)
≥ Co
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t
s
)ν
¾µ¯
1 ≤ p < ν ¯± Co > 0 ﬁ  ¸³µ«Ø­3³µ° ¶ﬁ¯®´±o±Ú«#³µ´(µ¯®«3´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Ai :=
A(2i−1R, 2iR)

i ∈ N∗  R > 0 	ﬁã7à B(R) =: A0 D/çæ>àæµ57à Bi = B(2iR) 8oßuﬁ#Łßàæµ57à
C 3ßﬁŁ #89#Łßæµ5eêãﬁŁ ﬀ²éuµêÛã78ﬃàæ  8oõãeö>ñ²ﬁé782µààæŁß8½3uñ##Łß8ﬃ9æµñ#ñ89à#|æµ57õ75Û8 õﬁ8Ô
ô>ñ#Łß66>Duæµã7à69ñ#Łñæµ57à Ai |æµãﬁñ C−1(Ai) 8 Bi |æµãﬁñ C−1(Bi) DuŁ æµ57à l ∈ N∗ l9æµ57à#Łßõﬁ6ñæµ57à
 +,857à8Eßﬁß8&57æµ5 ôŁßõﬁ8
Il = {i ∈ [0, l], Al 89à#Ł57ã7àõ757àãﬁ578ó9æ oFæ>à²58&9æµ5ﬁ578 ﬁ8&õﬁ8 Bl\Bi−1}
8|æ>àæµ57à
il = max Il
D
ﬁ|8ßæµ57à Ml 9æ o|æ>à²58õﬁ8 Bl\Bil−1
êãﬁŁÛ9æµ5Û#Łß85 Al D æµã7à%à#ãﬁﬁ|æ>àæµ57àCêã78 l−il 89à#
ö>ñ²57õ#õŁßàæµ57àà#ãﬁF6ñ#Łß8ãﬁñ 
3
Dçñ}õﬁ6/75ﬁŁ#Łßæµ5 Ml\Ail
5%+,89àuµà9æµ5ﬁ578 8>Dæµã7àé7æµŁßàŁßààæµ57à
 + ãﬁ578oõﬁ8oà89àﬂ9æ o|æ>à²589à&9æµ5ﬁ578 89à X ′l
857æµã7àﬂ57æ  æµ57à Y ′l
 + ãﬁ5ﬁŁßæµ5Xõﬁ89à&ãﬁ#ñ89àó9æ oFæû
à²589à;9æµ5ﬁ578 89à D/57557æµã7àEFæ>àæµ57à
X ′l := C−1(X ′l )

Y ′l := C−1(Y ′l)

Xl := X
′
l\Ail+1

Yl := Y
′
l \Ail+1

ZXl := X
′
l ∩ Ail+1

ZYl := Y
′
l ∩ Ail+1
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Zl := Z
X
l ∪ ZYl
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a
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b
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Bl
õﬁ8ﬂEò   9æµ5ﬀà#ãﬁŁô>5Û8½:
fl =


a
à#ãﬁñ
Xl

b
à#ãﬁñ
Yl

a ro−2
ilR
2ilR
àãﬁñ
ZXl

b ro−2
ilR
2ilR
àãﬁñ
ZYl

0
uñ#æµãﬁŁß8ãﬁñàD
+ Ł576öÛŁ6óõﬁ8&çæµŁ57 ñ6óõﬁæµ5ﬁ578
∫
Bl
|fl − (fl)Bl |p dvol ≤ CP2lpRp
∫
Bl
|dfl|p dvol. å]<Dä?>ë
é7æµŁßà#Łßà²àæµ57à
a
8
b
|æµãﬁñ	ﬂô>ß8ãﬁñ æ è@85ﬁ578õﬁ8
fl
à#ãﬁñ
Xl∪Yl àæµŁ 0 : a volXl + b vol Yl = 0.
)ô@89
a := 1
u98oà#Łö>5ﬁŁ u8
b = −volXlvol Yl
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+Û=
oXl
Xl
Xl
Xl Xl
Xl
Xl Xl
Xl Yl
Yl
Yl
Yl
YlYl
Yl
ZXl
ZXl
ZYl
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∫
Bl
|fl − (fl)Bl |p dvol ≥ 2−p
∫
Bl
∫
Bl
|fl(x)− fl(y)|p dxdy
volBl
≥ 2−p volXl vol Yl |b− a|
p
volBl
= 2−p
volXl vol Yl
(
1 + vol Xlvol Yl
)p
volBl
.
;+ ãﬁ#ñ8ﬂuñ#
∫
Bl
|dfl|p dvol ≤
(
volZXl
( a
2ilR
)p
+ volZYl
(
b
2ilR
)p)
=
volZXl + volZ
Y
l
(
vol Xl
volYl
)p
2ilpRp
.
æµ57
2−p
volXl vol Yl
(
1 + vol Xlvol Yl
)p
volBl
≤ CP 2p(l−il)
(
volZXl + volZ
Y
l
(
volXl
vol Yl
)p)
≤ CP 2p(l−il) volZl
(
1 +
(
volXl
vol Yl
)p)
,
õ+,æ)(
1 ≤ 2pCP 2p(l−il) volZl volBl
volXl vol Yl
.
å]<D

ë
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89à# ½70æµñ6buñ
V (o, 2il+1R)
D 578 oŁ57æµñ²#Łßæµ5jõﬁ8
volXl
|8ãﬁ?ﬂ#ñ8&æµßﬁ85ã78r9æ  8Eõ757àoﬁñ8ãﬁô@8Eõﬁ8½å]<D <D <@ë®D$53²é7æµŁßà#Łãﬁ53FæµŁ5
xl
õ757à
S(o, (2l−2 + 2l−1)R/2) ∩Xl 8}æµ5ﬃ57æµ8êã78 B(xl, 2l−3R) 89à#Ł57ã7àõ757à Xl :98#8ßFæµãﬁß8
89à#Łñ885ÛE9æµ5Û85Ûã78½õ757à
A(2l−2R, 2l−1R)
8ﬂ8ß8;89à#9æµ5ﬁ578 8|õﬁæµ57o8ß8r89à#Ł57ã7à8
õ757àÔ9æ oFæ>àØ5Û8o9æµ5ﬁ578 ﬁ8rõﬁ8ràæµ5b985Û#ñ8
xl
õ757à
A(2l−2R, 2l−1R)
lõﬁæµ57;õ757à
Xl
DFC
9æµ57õŁ#Łßæµ5.õﬁ8ﬂõﬁæµãﬁßﬁß885Ûõã ô@æµã 8&õﬁæµ5ﬁ578:
∀x ∈M, ∀ t ≥ s > 0, V (x, t) ≤ CD(t/s)log2 CDV (x, s),
õﬁ8&à²æµñ#8ﬂêÛã78
V (o, 2lR)
V (xl, 2l−3R)
≤ CD
(
2l + (2l−2 + 2l−1)/2
2l−3
)log2 CD
= CD11
log2 CD
8
volXl ≥ V (xl, 2l−3R) ≥ C−1D 11− log2 CDV (o, 2lR).
æ  8Eæµ5 õŁßà#|æ>à8ﬂõﬁ8ﬂ  ﬂ8 oŁ57æµñ²#Łßæµ53Fæµãﬁñ
vol Yl
%å]<D

ëòÚæµãﬁñ#5ﬁŁó:
1 ≤ 2pCPC2D121log2 CD2p(l−il)
V (o, 2il+1R)
V (o, 2lR)
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1 ≤ 2pCPC2D121log2 CD2νC−1o 2(l−il)(p−ν).
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s
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³>°7°F¯#øÛ¯
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∀ f ∈ C∞(Aδ),
∫
A
|f − fA|p dvol ≤ C(n, κ, δ, p)Rp
∫
Aδ
|df |p dvol.
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s = δR/3
89æµ57à#Łßõﬁ6ñæµ57à	ãﬁ5
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û ñ69à8 ã ½ Ł ½
(xi)i∈I
õﬁ8
A
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A
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æµã7à¢Fæ>àæµ57à
Vi = B(xi, s)

V ∗i = V
]
i = B(xi, 3s)
D}ßæµñà
(Vi, V
∗
i , V
]
i )i∈I
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ñ899æµãﬁô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A
õ757à
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B(xi0 , 9s)
8ãﬁ#ŁŁßà8ñóå]<D
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ë|æµãﬁñ
æµßﬁ85ﬁŁñ
vol(B(xi0 , 9s)) ≤ 30n vol(B(xi, s2))
FﬁãﬁŁßàêã78Eß89àß|æµãﬁß89à
B(xi,
s
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àæµ5ﬂõŁßà 0æµŁ589à
æµ5Mô@æµŁﬂêã78
Q1 = 30
n 9æµ5ÛôŁß85Û DCç)æµãﬁñÔåŁô7ë/|æµ5MF8ãﬁﬂ²é7æµŁßà#Łñ k(i, j) = i
DCæµ5798ñ#5u5Ôåôﬁë/
å]<D +ë&ò]æµãﬁñ#5ﬁŁ
vol(V ∗i ) ≤ 3n vol(Vi)
8 å]<D
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ëEõﬁæµ5ﬁ578
vol(V ∗i ) ≤ 5n vol(Vj)
õﬁæµ57ﬃæµ5 |8ãﬁ
ﬁñ857õñ8
Q2 = 5
n D
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C(n, p)s2
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(∑
i∈V
|f(i)−m(f)|pm(i)
)1/p
≤ 2 inf
c∈R
(∑
i∈V
|f(i)− c|pm(i)
)1/p
≤ 2
(∑
i∈V
|f(i)−m0(f)|pm(i)
)1/p
≤ 2K
(∑
i∈V
|f(i)−m0(f)|pm0(i)
)1/p
≤ 2PK1/p

 ∑
{i,j}∈E
|f(i)− f(j)|pm0(i, j)

1/p
≤ 2PK2/p

 ∑
{i,j}∈E
|f(i)− f(j)|pm(i, j)

1/p .
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2
volB(x, t)
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∀ f ∈ C∞(Aδ),
(∫
A
|f − fA|
2n
n−2 dvol
)n−2
n
≤ C(n, κ, δ) R
2
volB(o,R)
2
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∫
Aδ
|df |2 dvol.
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V (o,R)
V (xi, δR/3)
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(
1 + κ
δ/3
)n
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õ+,æ)(
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(vol, vol)
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∀ f ∈ C∞(V ∗i ),
(∫
Vi
|f − fVi |q dvol
) 2
q
≤ C(n, κ, δ)R2V (o,R)−2/n
∫
V ∗i
|df |2 dvol, å]<D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∀ f ∈ C∞(V ]i ),
(∫
V ∗i
∣∣f − fV ∗i ∣∣q dvol
) 2
q
≤ C(n, κ, δ)R2V (o,R)−2/n
∫
V ]i
|df |2 dvol.
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sup
i∈V
|f(i)−m(f)| ≤ (Nv − 1)1−1/p

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|f(i)− f(j)|p
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∑
{i,j}∈E
|f(i)− f(j)|p .
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ñ885Û U õﬁ8 M õ757à
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mρ
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õ757à
Z
8
a
õ757à
[0, hi]
7æµ5ﬀ
mρ(i, a) =
∫
Ui,a
ρ(r)−
2
n−2 dvol,
õ+,æ)(  +,89à#Ł ½#Łßæµ5d:
vol(Ui,a)ρ(Ri+1)
− 2
n−2 ≤ mρ(i, a) ≤ vol(Ui,a)ρ(Ri−1)−
2
n−2 ;
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C(n, κ)−1V (Ri)ρ(Ri)
− 2
n−2 ≤ mρ(i, a) ≤ C(n, κ)V (Ri)ρ(Ri)−
2
n−2 .
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l := max {i ∈ Z, ∃ a ∈ [0, hi], (i, a) ∈ Ω} .
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õ757à
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89à#õ757à
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e := ((l, 0), (l + 1, 0))
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mρ(Ω)
mρ(∂Ω)
≤
∑l
i=−∞
∑hi
a=0mρ(i, a)
mρ(e)
≤ C(n, κ)
l∑
i=−∞
∑hi
a=0mρ(i, a)
mρ(l, 0)
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mρ(Ω)
mρ(∂Ω)
≤ C(n, κ)
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i=−∞
V (Ri)ρ(Ri)
− 2
n−2
V (Rl)ρ(Rl)
− 2
n−2
= C(n, κ)
l∑
i=−∞
[
V (Ri)
V (Rl)
(
Ri
Rl
)−2] nn−2
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mρ(Ω)
mρ(∂Ω)
≤ C(n, κ)C−
n
n−2
o
l∑
i=−∞
(
Ri
Rl
)n(ν−2)
n−2
= C(n, κ)C
− n
n−2
o
∞∑
j=0
κ−j
n(ν−2)
n−2
=
C(n, κ)C
− n
n−2
o
1− κ−n(ν−2)n−2
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p  κ  n  Co
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ν 
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(∑
v∈V
|f(v)|pmρ(v)
) 1
p
≤ Sd

 ∑
(v,w)∈E
|f(v)− f(w)|pmρ(v, w)


1
p
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∀t ≥ s > 0, volB(o, t)
volB(o, s)
≥ Co
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t
s
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∀ f ∈ C∞c (M),
(∫
M
|f | 2nn−2 ρo(ro)−
2
n−2 dvol
)1− 2
n
≤ S
∫
M
|df |2 dvol.
}°½¶ﬁ¯®´±}Ù¯}¶F¸º´­&±Ú«0³µ´ ¯®«r´°F¯ ²³µ°ﬁ­®± ¾>°u±O¯
S
°F¯EÙÛ¬O¶7¯®°lÙ@¾µ°l±}»9´ﬁ¯rÙÛ¯
n  Co
¯±
ν
ﬁ

= 
6$
O
$53ﬁﬁŁßêã78ó<D
>D

u<D <D
 <8<D <D
 D

	
2<D <D  ﬁ%8½õﬁæµãﬁßﬁß885;Ł5Ûô@8ñà8¢õãQô@æµã 8bå]<D
 @ëﬂ85Û#ñ²7:ß578¢ãﬁ578 oŁ57æµñ²#Łßæµ5 õã
ô@æµã 8&õﬁ89àö>ñ²57õﬁ89àß|æµãﬁß89à&:
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Ao = Co volB(o, 1)
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∀ f ∈ C∞c (M),
(∫
M
|f | 2nn−2 ro−
2(n−ν)
n−2 dvol
)1− 2
n
≤ S˜
∫
M
|df |2 dvol,
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So(M) := sup
f∈C∞c (M)\{0}
(∫
M |f |
2n
n−2 ρo(ro)
− 2
n−2 dvol
)1− 2
n∫
M |df |2 dvol
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s
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∀ f ∈ C∞c (M),
(∫
M
|f | 2nn−2 ρo(ro)
nβ−2
n−2 dvol
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∫
M
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(∫
Ui,a
∣∣f − fUi,a∣∣ 2nn−2 ρo(ro)nβ−2n−2 dvol
)1−2/n
≤ C(n, κ)ρo(Ri)
nβ−2
n ρo(Ri)
2
n
∫
U∗i,a
|df |2 dvol
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C(n, κ) ρo(Ri)
nβ−2
n ρo(Ri)
2
n ρo(Ri)
−β
∫
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|df |2 ρo(ro)βdvol
= C(n, κ)
∫
U∗i,a
|df |2 ρo(ro)βdvol.
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õﬁ89àŁ576öÛŁ69à
õﬁ8E
æµß|æµß8ôﬃà²57à|æµŁßõﬁà D
 âu¨¤7¨)¡ ¨)©j<D <D
?  F³µ¹Ú±
Mn  n ≥ 3  ´°|¯  ¾>«Ø¹ ¬±O¬«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ³µ¼¶l¸ ±O¯ ³>°7°F¯#øÛ¯
°l³>°  ³>¼¶ﬁ¾ 9±O¯;¯±  ³µ´« ·®´«¯;ÙÛ¯ì¹  9¹F¶³­Ø¹Ú±Ú¹ ¯ ﬁ u´¶@¶³­9³µ°ﬁ­ó»´ ¹¸)¯#øµ¹§­®±O¯&´°½¶³µ¹°u±
o
Ù@¾>°ﬁ­
M
¯±}ÙÛ¯Ø­&°F³µ¼½·®«#¯®­
α ≥ 0  S > 0 ±O¯®¸º­ó»´ﬁ¯
∀ f ∈ C∞c (M),
(∫
M
|f | 2nn−2 ro−αdvol
)n−2
n
≤ S
∫
M
|df |2 dvol.
 ó³>± ³µ°ﬁ­
ν
¸ß¯;°l³µ¼½·®«¯«#¬¯¸ÙÛ¬ 	°u¹C¶ﬁ¾µ«
α = 2n−νn−2
ﬁ

¸ ³>«²­;¹§¸¯#ø>¹­±O¯
Ao > 0
±O¯®¸»´7¯¶³>´«± ³µ´±
t ≥ 1  volB(o, t) ≥ Aotν ﬁ
	
¢<D <D

757àóß8 µà&à²57àóFæµŁßõﬁàÔå
α = 0
ë/Cæµ5Qñ8#ñæµãﬁô@8½ß8rò]ŁEêÛã78o + Ł576öÛŁ6Ôõﬁ8

æµß|æµß8ôﬃã7à#ã78ß8ñ89êÛãﬁŁß8ñ#ãﬁ578&ñæµŁßàà²5798&õãﬀô@æµã 8óã æµŁ57à8ã7ŁßõŁß85ﬁ578>D

= 
6$
O
æ  8 õ+ éußﬁŁ#ã7õﬁ8	Fæ>àæµ57à
q = 2n/(n − 2) > 2 D/Ł æµ57à R ≥ 2 8 0 < t ≤ R/2 /8
9æµ57à#Łßõﬁ6ñæµ57à3òÚæµ57#Łßæµ5hŁ7à²éﬁŁ=<
f := max(t − d(., S(o,R)), 0) : f = t à#ãﬁñ;bà#ﬁé!ﬀñ8
S(o,R)

f = 0
é7æµñà½õ+ ãﬁ5
t
û ô@æµŁßàŁ5uö@8ﬀõﬁ8 98#83à#ﬁé!ﬀñ8 8½à#ãﬁñ½98
t
û ô@æµŁßà#Ł5uö@8
f
õﬁ69ñæ-:ß
ñ²µõŁß885 rôŁ89àà8
1
D7Ł57à#Ł 
∫
M
|f |q r−αdvol ≥ (t/2)q(R + t)−α vol(A(R − t/2, R + t/2)
8 ∫
M
|df |2 dvol ≤ vol(A(R − t, R+ t).
	+ Ł576öÛŁ6Eõﬁ8E
æµß|æµß8ô¢õﬁæµ5ﬁ578:
(t/2)2(R + t)−2α/q vol(A(R − t/2, R + t/2)2/q ≤ S vol(A(R − t, R+ t).
/²5&õﬁæµ5ﬁ576
i ∈ N∗ Fæµ5QﬁﬁŁßêÛã78;989Ł  t = 2−iR Dl)ô@89 Vi := vol(A(R(1 − 2−i), R(1 +
2−i))
7æµ5ﬀ
R24−i−1((1 + 2−i)R)−2α/qV
2/q
i+1 ≤ SVi.
çñóñ69ãﬁñ#ñ85798)æµ5Qæµßﬁ#Łß85Ûóãﬁ578½9æµ57à#²5Û8
C
Ł57õﬁ6F857õ758½õﬁ8
R
8ﬂ8ß8½êÛã78;|æµãﬁñ&æµãﬁ
i ≥ 1 
vol(B(2R)) ≥ V1 ≥
(
CR2−2α/q
)Pi−1
j=0(2/q)
j

i−1∏
j=0
(4−j)(2/q)
j

V (2/q)ii .
$ñãﬁ578ô>ñ#Łß66ﬂñ#Łß8½5ﬁ5ﬁŁß85ﬁ578r89à#ßæ ß885Ûêãuµà#Ł ûO8ã7ŁßõŁß85ﬁ578lõﬁæµ57&æµ53
lim inf
i−→∞
V
(2/q)i
i ≥ lim infi−→∞
(
ωn(2
−iR)n
)(2/q)i
= 1.


/5 75ﬀõﬁ8ﬂ9æ oﬁ8uæµ52#ñæµãﬁô@8
vol(B(2R)) ≥ C 11−2/qR
2−2α/q
1−2/q
∞∏
j=0
(4−j)(2/q)
j
.
/
α = 2n−νn−2
69êãﬁŁôµãﬁ 
ν = 2−2α/q1−2/q
D

          
 %  ,*  -/% 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 
)ô@89b<D
>D

æµ5iF8ãﬁﬃã7àà#Łñ899æµß8ñﬃõﬁ89àÔŁ576öÛŁ69àﬃõﬁ83çæµŁ57 ñ6>D/5i#ñ²9ô>Ł5Û2õ757à
ß8  ﬂ8; µõñ8;êÛã78Eﬁñ69969õﬁ8 85ÛC + Ł576öÛŁ6;ö>ßæµßuß8rêã%+,æµ5b#ñæµãﬁô@8;89à#ãﬁ578óŁ576öÛŁ6oõﬁ8
!ñõè@D
 óC7¨)âF h<D <D


 
©% ))¥Û§ú) &)âú	  F³µ¹Ú±
Mn  n ≥ 3  ´°|¯  ¾>«Ø¹ ¬±O¬½«Ø¹ ¯®¼¾µ° 
°7¹ ¯®°7°|¯ ²³µ¼¶l¸ 9±O¯ ³µ°7°|¯#øÛ¯¯±  ³µ´«9·´«¯½Ù¯ì¹ ¹%¶³­Ø¹Ú±Ú¹ ¯ ﬁ  ¹ø@³µ°ﬁ­
p ≥ 1 ﬁ u´¶@¶³­9³µ°ﬁ­E»´ ¹§¸
¯#ø>¹­±O¯&´°Ô¶³µ¹°u±
o
ÙÛ¾µ°ﬁ­
M
¯±ÙÛ¯Ø­&«¬¯®¸º­
ν > p
¯9±
Co > 0
±O¯®¸º­E»´7¯
∀t ≥ s > 0, volB(o, t)
volB(o, s)
≥ Co
(
t
s
)ν
.

¸³µ«Ø­
M
µ¬®«Ø¹ ¯ó¸ ¹°F¬ @¾>¸º¹Ú±O¬rÙÛ¯&¾µ«#ÙµÝ
∀ f ∈ C∞c (M),
∫
M
|f |p r−po dvol ≤ H
∫
M
|df |p dvol,
¾µ¯r´°|¯ ²³µ°ﬁ­®± ¾>°u±O¯
H
ÙÛ¬O¶ﬁ¯®°FÙ@¾µ°u±­9¯®´¸ß¯®¼½¯®°u±}ÙÛ¯
n  Co
 ν
¯±
p
ﬁ

= 
6$
O
Crﬁñ8ãﬁô@8ﬂ9æµ57àŁßà#8,;ﬁﬁŁßêÛã78ñ<D
>D

 ô@89
k = ∞ Dﬁæµã7à}ãﬁ#ŁŁßà²æµ57à}ß8  ﬂ8ßFæµ5ﬃñ899æµãﬁôñ8®û
85 U êã78Eõ757àß8ruñ²ö>ñ²ﬁé78rﬁñ69969õﬁ85Û%85.ñ8½ñêÛãu5&êÛã%+ Ł89à#8579æµñ8rßFæµ5.Fæµãﬁñ
uŁñ8;õﬁ8 89à#ãﬁñ89à
(r−pdvol, dvol)
D%æµã7à9ô@æµ57àﬂß|89àæµŁ5bõ+ ãﬁ578EŁ576öÛŁ6;õﬁ8;ç)æµŁ57 ñ6o9æµ5#Ł û
5ã78>D)æ  8o|æµãﬁñE<D <D
 <%à#Ł/æµ5Qﬁñ857õ
i
õ757à
Z
8
a
õ757à
[0, hi]
|æµãﬁ8;ò]æµ57#Łßæµ5QŁßàà8
f
à#ãﬁñ
U ]i,a
ô@6ñ#Ł u8
∫
Ui,a
∣∣f − fUi,a,µα∣∣p r−pdvol ≤ 2p inf
c∈R
∫
Ui,a
|f − c|p r−pdvol
≤ 2p
∫
Ui,a
∣∣f − fUi,a∣∣p r−pdvol
õﬁ8&à²æµñ#8ﬂêÛã%+  ô@89E<D <D 
∫
Ui,a
∣∣f − fUi,a,µα∣∣p r−pdvol ≤ 2pC(n, κ)R−pi−1Rpi+1
∫
U∗i,a
|df |p dvol
≤ C(n, κ, p)
∫
U∗i,a
|df |p dvol.
/ß8  ﬂ8óñ#ö>ã 85Ûôµãﬁ|æµãﬁñß89àuŁñ89à
(U∗i,a, U
]
i,a)
D

+
+ Ł576öÛŁ6QõŁßàñﬃﬀ8.ñ89êÛãﬁŁßà²83õ757à <D
>D

à +,æµßﬁ#Łß852uñÔ + ñ#ö>ã 85ﬀõﬁ8M<D <D
 
ŁßŁ }æµ5
89à##Ł 8&ß8ﬂêÛã7æµ#Łß85Łßàæµ|6ñ#Ł 6#ñ#ŁßêÛã78óõŁßàñ8uñ
C(n, κ)
l∑
i=−∞
V (Ri)
V (Rl)
(
Ri
Rl
)−p
,
êãu5Û#Ł6óßFæµñ#57698uñ
C(n, κ)Co
∞∑
j=0
κ−j(ν−p) <∞
ö>ñµ98 r57æµ#ñ8óéÛèFæµ#é!ﬀ9à²8ﬂõﬁ8&õﬁæµãﬁßﬁß885ÛŁ5Ûô@8ñà8óõã2ô@æµã 8>D

Bﬁ#Łßàæµ57à 8Łß8ãﬁñ8ó9æµ57à#²58óõ757à + Ł576öÛŁ6Eõﬁ8&!ñõè
L1
D
ý;7ð©%¨)©.<D <D
   F³µ¹Ú±
M
´°|¯  ¾µ«®¹ ¬±O¬«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ³µ¼¶l¸ ±O¯ ³µ°7°|¯#øÛ¯ ﬁ ÷}± ¾>°u±CÙ@³µ°u°F¬
o
Ù@¾>°ﬁ­
M 
³>°bÙÛ¬ 	°7¹Ú±	¸ ¹°  ¾µ«®¹]¾µ°u±/«®¹]¯¼o¾>°7°7¹ ¯®°
Ho(M) := sup
f∈C∞c (M)\{0}
∫
M |f | r−1o dvol∫
M |df | dvol
.
 
n  \E{~0yl/s vrt Gw¢w~t  ¢wvrs tyw Ôz|{}ylt  EzFs vrt Gx|pEz
vr tzn
+ Ł576öÛŁ6oõﬁ8;
æµß|æµß8ô |æµŁßõﬁà½õﬁ8E57æ óßﬁñ8ã7à89àﬂ9æµ57à²69êÛã7857989àﬂ5uè#ŁßêÛã789à DFæµã7à û
ßæµ57àõﬁ6ô@8ßæµﬁ|8ñêã78ßêÛã789àﬁñæµﬁñ#Łß669àõﬁ89àæµ|6ñ²8ãﬁñàõﬁ8ó
²éﬁñ98õŁ5ﬁö@8ñ85 ﬁñ69à85798ﬂõﬁ8&98#8
Ł576öÛŁ6>D/ß89à	#ñæµãﬁô@8ñæµ5õﬁ89àﬁﬁŁß #Łßæµ57àö@69æ 6#ñ#Łßêã789àõ757à	&à#ãﬁŁ8>D>æµã7à9æµ57à#Łßõﬁ6ñæµ57à
ŁßŁãﬁ578ô>ñ#Łß66ñ#Łß8½5ﬁ5ﬁŁß85ﬁ578ó9æ oﬁﬁﬀ8&9æµ5ﬁ578 ﬁ8
Mn

n ≥ 3 !;9æµãﬁñ#ßﬁãﬁñ8&õﬁ8ﬂŁß9Ł||æ>à#Ł#Łô@8
8E8ß8½êã78oFæµãﬁñóãﬁ5d98ñ#²Ł5X|æµŁ5Û
o
õ757à
M
8ó|æµãﬁñ&ãﬁ5d57æ óßﬁñ8
S > 0
% + Ł576öÛŁ6¢õﬁ8

æµß|æµß8ô rFæµŁßõﬁààãﬁŁôµ58&89à#ô@6ñ#Ł u698½:
∀ f ∈ C∞c (M),
(∫
M
|f | 2nn−2 ρo(ro)−
2
n−2 dvol
)1− 2
n
≤ S
∫
M
|df |2 dvol.
æ  8¢ﬁã7àEéuãﬁ)57æµã7à;69ñ#Łñæµ57à;àæµãﬁô@85
ρ(r)
Fæµãﬁñ
ρo(ro) =
rno
V (ro)
 ½Łßà;ã7à²à#Ł
dµρ =
ρ(r)−
2
n−2 dvol
8
q = 2nn−2
D@/5ò]Ł>57æµã7àãﬁ#ŁŁßà8ñæµ57à	 + éè|æµ#é!ﬀ9à8
Ric ≥ 0 ãﬁ5ﬁŁßêã7885Ûõ757à
<D D o8<D D +3åFæµãﬁñµà²à#ãﬁñ8ñ;ﬁñæµﬁñ#Łß66óõﬁ8ﬂõﬁæµãﬁßﬁß885õã2ô@æµã 8ë®D
æµã7à9æµ57à#Łßõﬁ6ñæµ57àãﬁ5 7ßﬁñ6rô@89æµñ#Łß88ã7ŁßõŁß85.Łßà²à8
E −→ M Eãﬁ5ﬁŁõ+ ãﬁ578r9æµ5ﬁ578 Łßæµ5
9æ ou#Łßﬁß8 ∇ Dæµã7àﬃ57æµ8ñæµ57à æµã)#æµãﬁñà (., .) ß8.ﬁñæõãﬁŁ3à Łñ8bFæµ57#ã78&àãﬁñ2ß8 7ßﬁñ6
ô@89æµñ#Łß88ã7ŁßõŁß85%uñ |.| ﬃ57æµñ8o|æµ57#ã78ß8%uñ ∆ = ∇∗∇ ß8;ﬁµŁß85dõﬁ8oB}æ²éﬁ578ñ
åÚæµã ﬁµŁß85ﬀßﬁñ#ãﬁØë®D7æµã7à}57æµã7àŁ5Û6ñ89àà²æµ57àãﬃæµ|6ñ²8ãﬁñàõﬁ8ó
²éﬁñ98õŁ5ﬁö@8ñ
∆ + V
ﬁæ)(
V
89à#rãﬁ5eéu oh9æµ5Û#Ł5ãhõ+,857õﬁæ æµñ#ﬁéﬁŁßà89àà#è6#ñ#Łßêã789àEõﬁ8
E
Dæµã7à;õﬁ699æ o|æ>àæµ57à
V
85
V = V+ − V− uæ)( V+ 8 V− àæµ5õﬁ89àéu o7àõ+,857õﬁæ æµñ#ﬁéﬁŁßà89àà#è6#ñ#ŁßêÛã789àFæ>à#Ł#Ł ò]àõﬁ8
E
D
 
      
 - %  #   ﬀ 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C8#é769æµñﬃﬀ8ﬃà#ãﬁŁô>5ÛE89àóãﬁ5Xñ69àãﬁ²EõãXè|8

ŁßæµãﬁôŁß8 *%ö@6576ñ²ŁßàØ5Û ﬃä}ñ  åô@æµŁñ
ﬃ,ç	
ﬂ |æµãﬁñóõﬁ89à&ñ69àãﬁ²àó85XŁß85lë®D)OõŁóêÛã%+ Ł5%+ èXﬃuµàóõﬁ8à²89#Łßæµ5X57æµ5X#ñ#ŁôŁß8êãﬁŁ89à#
|8#Ł8& + Ł575ﬁŁﬁ8)àæµã7à0û éuñæµ5ﬁŁßêã78Fæµãﬁñãﬁ5Eæµ|6ñ²8ãﬁñ/õﬁ8}
²éﬁñ98õŁ5ﬁö@8ñ Fæµ85#Łß8ﬁñ89à²êÛã78
|æ>à#Ł#Ł ò#D
 óC7¨)âF e<D D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 ó%u¨)âl _úä©%©%%¥@¨)©   	¹ø@³µ°7­
m > 1
¯±}­®´ ¶Û¶³­³>°ﬁ­½»´ﬁ¯¸ß¯
¶³@±O¯®°u±Ú¹ ¯®¸
V
­¾@±Ú¹­ ¾µ¹Ú±
S
(∫
M
|V−|
n
2 ρ(r)dvol
) 2
n
<
2
m
(
2− 2
m
)
.

¸³µ«Ø­ﬂ± ³>´±O¯&­9¯ 9±Ú¹Ú³>°.¸³ ¾>¸¯®¼½¯®°l± ¹ä¶u­ 	¹±  
σ
ÙÛ¯
E
±O¯®¸¸¯r»´7¯
(∆σ + V σ, σ) ≤ 0 ¯±∫
A(R/2,R)
|σ|m dvol = o(R2)
¯Ø­±°u´¸¸¯ ﬁ
	
r<D D
757à98657æµ5796ﬁ;õŁßà##ñ#Łßﬁãﬁ#Łßæµ5
(∆σ, σ)
89à#õﬁ6/75ﬁŁß8ﬂuñó:
∀φ ∈ C∞c (M), < (∆σ, σ), φ >=
∫
M
(∇σ,∇(φσ))dvol D

= 
6$
O

æµŁß85oãﬁ5 57æ Eßﬁñ8
R > 0
8;ãﬁ578ÔòÚæµ57#Łßæµ5eŁßàà8
χ
êãﬁŁ89à;6öÛß8 
1
à#ãﬁñ
B(R)
A
0
à#ãﬁñ
M\B(2R) Cﬁñ857õ à89àóôµß8ãﬁñàrõ757à [0, 1] 8óô@6ñ#Ł u8 |dχ| ≤ 2/R D$5eﬁﬁŁßêÛã78Ô + Ł576öÛŁ6
õﬁ8;
æµßFæµß8ô FæµŁßõﬁà ooòÚæµ57#Łßæµ5.ßæ ß885%Ł7àéﬁŁ=<
χu
m/2

læ)(
u =
√
|σ|2 +    > 0
å57æµã7àEæ 8##ñæµ57à& 89à#ãﬁñ8oñ#Łß8½5ﬁ5ﬁŁß85ﬁ578¢õ757àﬂß89àﬂﬁñæéuŁ5789à&òÚæµñEãﬁß89àE775Xõﬁ8oò]µŁŁ8ñ
ß8ãﬁñß89#ãﬁñ8ëﬂ:
1
S
(∫
M
χqu
mq
2
 ρ(r)
− 2
n−2
) 2
q
≤
∫
M
∣∣∣d(χum/2 )∣∣∣2
=
∫
M
|dχ|2 um +
∫
M
χ2
∣∣∣d(um/2 )∣∣∣2 + 2∫
M
(um/2 dχ, χd(u
m/2
 ))
≤ (1 + 1/b)
∫
M
|dχ|2 um + (1 + b)
∫
M
χ2
∣∣∣d(um/2 )∣∣∣2
|æµãﬁñæµãﬁ
b > 0
Dﬁ 578&Ł5Û6ö>ñ²#Łßæµ5ﬀuñuñ##Łß89àõﬁæµ5ﬁ578∫
M
χ2
∣∣∣d(um/2 )∣∣∣2 = ∫
M
(χ2d(um/2 ), d(u
m/2
 ))
=
∫
M
2χ(um/2 dχ, d(u
m/2
 )) +
∫
M
χ2um/2 ∆(u
m/2
 )
= 2
∫
M
(um/2 dχ, χd(u
m/2
 )) +
m
2
∫
M
χ2um−1 ∆u
+
(
2
m
− 1
)∫
M
χ2
∣∣∣d(um/2 )∣∣∣2 .


æµ57ﬁ|æµãﬁñæµãﬁ
a > 0
ﬁæµ53
∫
M
χ2
∣∣∣d(um/2 )∣∣∣2 ≤ ( 2m − 1 + a)
∫
M
χ2
∣∣∣d(um/2 )∣∣∣2 + m2
∫
M
χ2um−1 ∆u +
1
a
∫
M
|dχ|2 um .

ŁCõﬁ8ﬁã7à
a < 2− 2/m ﬁŁ%ôŁß85Û∫
M
χ2
∣∣∣d(um/2 )∣∣∣2 ≤ (2− 2m − a)−1
(
m
2
∫
M
χ2um−1 ∆u +
1
a
∫
M
|dχ|2 um
)
.
;+,æ)(X:
1
S
(∫
M
χqu
mq
2
 ρ(r)
− 2
n−2
) 2
q
≤ C(m,a, b)
∫
M
|dχ|2 um +D(m,a, b)
∫
M
χ2um−1 ∆u
æ)(
C(m,a, b) = 1 + 1/b+
1 + b
a(2− 2/m− a)
8
D(m,a, b) =
(1 + b)m
2(2 − 2/m− a) .
%8&F8#Ł ßãﬁ
u∆u = (σ,∆σ)−  |∇σ|
2
u2
− |σ|
2 |∇σ|2 − (σ,∇σ)2
u2
,
µààãﬁñ8
u∆u ≤ (σ,∆σ) ≤ (V−σ, σ) ≤ |V−| u2 .
$5 |8ãﬁõﬁæµ57&69ñ#Łñ8
1
S
(∫
M
χqu
mq
2
 ρ(r)
− 2
n−2
) 2
q
≤ C(m,a, b)
∫
M
|dχ|2 um +D(m,a, b)
∫
M
χ2 |V−|um
êãﬁŁ ﬁêÛãu57õ

857õ2ô@8ñà < 6ñæ9ò]æµãﬁñ#5ﬁŁ
1
S
(∫
M
χq |σ|mq2 ρ(r)− 2n−2
) 2
q
≤ C(m,a, b)
∫
M
|dχ|2 |σ|m +D(m,a, b)
∫
M
χ2 |V−| |σ|m .
	+ Ł576öÛŁ6Eõﬁ8&! 8µßõﬁ8ñŁ oﬁŁßêÛã78Eßæµñà
∫
M
χ2 |V−| |σ|m ≤
∫
M
χ2 |σ|m ρ(r)− 2n |V−| ρ(r)
2
n
≤
(∫
M
χq |σ|mq2 ρ(r)− 2n−2
) 2
q
(∫
M
|V−|
n
2 ρ(r)
) 2
n
︸ ︷︷ ︸
NV
.

?
ã 75u ﬁŁ%ôŁß85Û
(1− SNVD(m,a, b))
(∫
M
χq |σ|mq2 ρ(r)− 2n−2
) 2
q
≤ 4SC(m,a, b)
R2
∫
A(R,2R)
|σ|2
857æµ#ñ8&éÛèFæµ#é!ﬀ9à8ﬂàãﬁñß8Fæµ85#Łß8CöÛñ²5#Ł
(∫
B(R)
|σ|mq/2 ρ(r)− 2n−2
) 2
q
≤ 1
1− SNVD(m,a, b)
4SC(m,a, b)
R2
∫
A(R,2R)
|σ|m ,
;9æµ57õŁ#Łßæµ5.êÛã78
NV <
1
SD(m,a, b)
=
2
mS
1
1 + b
(2− 2/m− a).
-bŁßà285 é7æµŁßà#Łßà²à²5Û
a
57õ
b
à#ã&%½à²  85ÛﬀF8#Łà98#8M9æµ57õŁ#Łßæµ5jF8ãﬁ2æµã)#æµãﬁñà ﬂ#ñ8
ô@6ñ#Ł u698>D|$5ﬃò]Ł ½Ł585u5Û857õñ8
R
ô@8ñà + Ł575ﬁŁ:ﬁŁñ89à8
σ = 0
D

       ﬁ%  #   ﬂ1ﬂ , 
  ﬀ

*   
 
  
"ã78E|8ãﬁ0ûOæµ5.õŁñ8rêÛãu57õ3æµ5b½à8ãﬁß885Û
∫
M |V−|
n
2 ρ(r)dvol < ∞ ? /5Mµõ7ﬁ²5Ûãﬁ578
89²éﬁ5ﬁŁßêÛã78õﬁ6ô@8ßæµﬁ|698}õ757à ﬃ,Bﬂ æµ5r|8ãﬁﬁñæµãﬁô@8ñ	õﬁ89à89à#Ł 6989àõﬁ8}õﬁ69ñæµŁßààØ5798' + Ł575ﬁŁ
|æµãﬁñ/õﬁ89à/à89#Łßæµ57à
σ
ô@6ñ#Ł l5
∆σ+V σ ≤ 0 Dµæµã7à	ßæµ57àﬁñæµãﬁô@8ñ/#ñæµŁßàß8 89àö@6576ñ²ã;8
57æµã7àô@8ñ#ñæµ57à	ﬁã7àßæµŁ5.åÚ®ò#DÛ<D

ë/9æ  85ß89àãﬁ#ŁŁßà8ñõ757àãﬁ5Ô9æµ58 8ö@69æ 6#ñ#ŁßêÛã78råÚæ)(½ß8
|æµ85Û#Łß8C8rà89#Łßæµ5 à²æµ5Ûñ8Łß69àØë®Dﬁ+ Łßõﬁ698ﬂ89à#õﬁ8ﬁñ²#ŁßêÛã78ñãﬁ578Ł6ñ²#Łßæµ53õﬁ8-.æ>à8ñ&:>+,89à#
ß8ﬀ#ñæµŁßà#Łﬁﬀ8ﬀß8 8µàà#Łßêã78>D-bŁßà¢98 ß8 835782ò]æµ57#Łßæµ5ﬁ5783êã78ﬀàæµã7à½ãﬁ578ﬀéè|æµ#é!ﬀ9à8
89²éﬁ5ﬁŁßêÛã78QàãﬁñÔß8b|æµ85Û#Łß8 õ757àﬃdﬁñ²#Łßêã7898#8béÛèFæµ#é!ﬀ9à8b|æµãﬁñ#ñ² ﬂ#ñ8bôµŁßõﬁ698b85
ﬁﬁŁßêãu5Ûß8Ôﬁñ8oŁß8ñoß8 8>D/%8ﬃõﬁ8ãŁﬁﬀ8ﬃß8 8289à#E.ß6ﬃõ+ ãﬁ5_ﬁé7657æ  ﬀ5782õ+ ãﬁæû
 6Łßæµñ²#Łßæµ5.õﬁ89à89à##Ł 6989àõﬁæµ557æµã7à#Łñ8ñæµ57àuñ##Ł D
æµã7à9æµ57ãﬁñæµ57à98#8uñ##Łß8&uñãﬁ578&89à#Ł 698&õﬁ8OèF8ó-3æ>à8ñ½Łßà85 ﬁñ69à85798&õ+ ãﬁ5
8ñ8&à²æµãﬁñ98>Dl8#8&89à##Ł ½#Łßæµ5.89à#ßFæµ5 ½ñ²é76ó88ß8&à+ 9ô@6ñ8ñ²oãﬁ#Łß8&ﬁã7àßæµŁ5%D
ï	 F ¢<D D <

£o¨âu¦|   }°½­®´ ¶@¶ﬁ³­9¯
V−
¾Ø¶@¶ﬁ¾µ«®±Ú¹ ¯®°u± 
Ln/2(ρ(r)dvol)
¯±³>° ³>°ﬁ­Ø¹]Ù ®«¯
´°F¯E­ ¯9±Ú¹]³µ°M¸ ³ ¾µ¸ß¯®¼½¯®°u± /¹ ¶u­  	Û¹Ú±  
σ
Ù¯
E
±O¯®¸¸¯»´ﬁ¯
(σ,∆σ + V σ) ≤ 0 ¯9±)¶³µ´«E´° ²¯®«± ¾µ¹°
m > 1
 ∫
A(R,2R)
|σ|m dvol = o(R2).

¸³µ«Ø­¶ﬁ³µ´«
R
µ«#¾µ°lÙ 
(∫
M\B(2R)
|σ|mq2 dµρ
) 2
q
≤ C
R2
∫
A(R,2R)
|σ|m dvol.

= 
6$
O
/5 ﬁñæ969õ75Ûo9æ  8Ôõ757àr ﬁñ8ãﬁô@8¢õãd#é76ﬁñﬃﬀ8ﬃõ+ 5ﬁ5Ûãﬁ#Łßæµ5/æµ5 #ñæµãﬁô@8½|æµãﬁñ
u :=
|σ|m/2 8 χ õ757à C∞c (M)
:
(∫
M
χquqρ(r)−
2
n−2
) 2
q
≤ C
(∫
M
χ2u2 |V−|+
∫
M
|dχ|2 u2
)
.

çñ + Ł576öÛŁ6&õﬁ8ó! 8µßõﬁ8ñ7æµ5 æµßﬁ#Łß85E:
(∫
M
χquqρ(r)−
2
n−2
) 2
q
≤ C
(∫
supp χ
|V−|
n
2 ρ(r)
) 2
n
(∫
M
χquqρ(r)−
2
n−2
) 2
q
+ C
∫
M
|dχ|2 u2.
-bŁ5Û85u5	æµ5 ﬁñ857õ
R >> 1

R′ > 2R
8oæµ5 àãﬁﬁFæ>à8
χ
ﬀôµß8ãﬁñà;õ757à
[0, 1]
 
à#ãﬁﬁ|æµñ#õ757à
A(R, 2R′)
l9æµ57à#²58 
1
à#ãﬁñ
[2R,R′]
lô@6ñ#Ł l5Û |dχ| ≤ 2R
à#ãﬁñ
A(R, 2R)
8
|dχ| ≤ 2R′
à#ãﬁñ
A(R′, 2R′)
Dﬁﬂ57à98& µõñ8ﬁŁ%ôŁß85ÛE:
(∫
M
χquqρ(r)−
2
n−2
) 2
q
≤ C
(∫
A(R,2R′)
|V−|
n
2 ρ(r)
) 2
n (∫
M
χquqρ(r)−
2
n−2
) 2
q
+
C
R2
∫
A(R,2R)
u2 +
C
R′2
∫
A(R′ ,2R′)
u2.
çñéÛèFæµ#é!ﬀ9à8 + Ł5Û6ö>ñ²ß8
∫
M |V−|n/2 ρ(r)
89à#75ﬁŁß8:æµ5&|8ãﬁCñ857õñ8
∫
B(R)c |V−|n/2 ρ(r)
ã7ààŁF8#Łêã%+,æµ52ô@8ãﬁ785ﬀ²é7æµŁßà#Łßàà²5
R
µàà8 <ﬂö>ñ²57õ#7õﬁ8óàæµñ#8ﬂêÛã78& +,89à##Ł 698&õﬁ8ôŁß85Ûó:
(∫
A(2R,R′)
uqρ(r)−
2
n−2
) 2
q
≤ C
R2
∫
A(R,2R)
u2 +
C
R′2
∫
A(R′ ,2R′)
u2.
$52ò Ł857õñ8
R′
ô@8ñà + Ł575ﬁŁ:
(∫
M\B(2R)
uqρ(r)−
2
n−2
) 2
q
≤ C
R2
∫
A(R,2R)
u2.

ï	 F i<D D 

áﬂ¥Û úC '¥ º|%|¨ #7¥Û¨âF¨)©   u´ ¶Û¶³­³>°ﬁ­2»9´ﬁ¯
V−
¾Ø¶@¶ﬁ¾µ«®±Ú¹ ¯®°7°|¯ 
¸ ¯®­ ¶¾ Ø¯
Ln/2(ρ(r)dvol)
¯± ³>°ﬁ­Ø¹]ÙÛ¬®«#³µ°ﬁ­r´°F¯;­9¯ ±Ú¹Ú³µ°X¸ ³ ²¾µ¸¯¼¯°u± /¹ ¶u­  	Û¹Ú±  
σ
ÙÛ¯
E 
¾Ø¶@¶¾>« 
±O¯®°F¾µ°u± 
Lm(E, dµρ)
¶³µ´«ﬂ´°.«¬¯®¸
m > q/2
¯± ¬®«®¹ ¾µ°u±
(σ,∆σ + V σ) ≤ 0.  ¸³µ«Ø­¶³>´« R
µ«#¾µ°lÙ

³µ°M¾  ∫
M\B(2R)
|σ|m dµρ ≤ C
∫
A(R,2R)
|σ|m dµρ.
Ø¸)¯®°b«¬Ø­Ø´¸ ±O¯E¸  ¯#øµ¹§­®±O¯®° ²¯;Ù ´°.«#¬²¯®¸
a > 0
±O¯®¸»´ﬁ¯
∫
M\B(R)
|σ|m dµρ = O(R−a).
	
ﬂ<D D < ﬁCﬂﬁñ8ãﬁô@8 æµ5Û#ñ8ñ²EêÛã%+,æµ5ÔF8ãﬁé7æµŁßà#Łñãﬁ5½8 Fæ>à²5
a
õﬁ6F857õ759æµ5#Ł û
5 	 85Ûõﬁ8
m
D


= 
6$
O
çæ>àæµ57à
m′ = 2m/q
Dﬁ)rﬁñ8ãﬁô@8ﬁñ69969õﬁ85Û8óõŁêã78|æµãﬁñ
R
ö>ñ²57õ#u ô@89ﬂ  ﬂ8ò]æµ57#Łßæµ5
õﬁ8ﬂ#ñæµ57 #ãﬁñ8
χ
8
u := |σ|m′/2 ﬁæµ53ﬃ:
(∫
M
χquqρ(r)−
2
n−2
) 2
q
≤ C
∫
M
|dχ|2 u2.
5Ûô@æêÛã7æµ57à + Ł576öÛŁ6óõﬁ8&! 8µßõﬁ8ñó:
(∫
A(2R,R′)
uqρ(r)−
2
n−2
) 2
q
≤ C
(∫
M
|dχ|n ρ(r)
) 2
n
(∫
supp dχ
uqρ(r)−
2
n−2
) 2
q
.
/53à8ﬂñ²ﬁ|85Ûõﬁ6/75ﬁŁ#Łßæµ5.õﬁ8
ρ
8;ﬁñæµﬁñ#Łß66rõﬁ8&õﬁæµãﬁßﬁß885Ûõã ô@æµã 8uæµ5ﬀô@æµŁß89à
89à##Ł 6989àE: ∫
A(R,2R)
|dχ|n ρ(r) ≤ CR−nρ(2R) volA(R, 2R) ≤ C
8 ∫
A(R′,2R′)
|dχ|n ρ(r) ≤ C,
98&êãﬁŁ%9æµ57õãﬁŁ?
(∫
A(2R,R′)
|σ|m ρ(r)− 2n−2
) 2
q
≤ C
(∫
A(R,2R)∪A(R′ ,2R′)
|σ|m ρ(r)− 2n−2
) 2
q
.
/5 ò]Łßà²5857õñ8
R′
ô@8ñà + Ł575ﬁŁ uæµ5%0ã7à##Ł u8ﬂrﬁñ8oŁﬁﬀñ8óuñ##Łß8&õﬁ8ﬂ +,657æµ5796:
∫
M\B(2R)
|σ|m ρ(r)− 2n−2 ≤ C
∫
A(R,2R)
|σ|m ρ(r)− 2n−2 .

Ł +,æµ5 Ł5Û#ñæõãﬁŁ¢Xò]æµ57#Łßæµ5
I : R 7→ ∫M\B(R) |σ|m ρ(r)− 2n−2 æµ5iô@æµŁ2êÛã%+,8ß83ô@6ñ#Ł u8
I(2R) ≤ C(I(R)− I(2R)), Ł D,8>D
I(2R) ≤ C
C + 1
I(R).
å]<D
 @ë
é7æµŁßà#Łßà²àæµ57à
R1
ö>ñ²57õﬃ857æµæµ57à
kR
 +,85Û#Łß8ñ}ô@6ñ#Ł l5Û
log2R/R1 ≤ kR < log2 2R/R1.
 578
Ł6ñ²#Łßæµ5.õﬁ8 + Ł576öÛŁ6Ôå]<D
 @ëŁôñ8ﬂ +,89à##Ł 698
I(R) ≤
(
C
C + 1
)kR
I(R/2kR) ≤
(
C
C + 1
)kR
‖σ‖mLm(E,µρ)
êãﬁŁ%85Û#ñ²7:ß578
I(R) ≤ C
(
C
C + 1
)log2 R
= CRlog2(
C
C+1).
ç/ãﬁŁßà²êÛã%+,æµ53 C
C+1 < 1
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ﬁ  ë®D8b5%+,6²Ł uµàﬃß8b µà
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A(R,R′)
ﬁãﬁŁßàæµ5ﬃò]ŁßàØŁ857õñ8
R′
ô@8ñà + Ł575ﬁŁ D
ï	 F .<D D +
 
|uâF¨)©úC be¨)¡  7â  u´ ¶Û¶³­³>°ﬁ­ﬂ»9´ﬁ¯

¶³µ´«ﬂ´° ²¯®«± ¾µ¹§°.°l³µ¼½·®«¯
x >
n/2 
¸ß¯¶³@±O¯®°u±Ú¹ ¯®¸
V
­9¾>±Ú¹­ ¾µ­²­9¯&¸ ¯Ø­±Ú¹§¼½¬¯
(∫
A(R,2R)
|V−|x ρ(r)
x−1
n/2−1 dvol
) 1
x−n/2
= O
(
ρ(R)
2
n−2R−2
)
.
/³µ°7­Ø¹]Ù ®«#³µ°ﬁ­´°F¯­ ¯9±Ú¹]³µ°¸³ ¾µ¸ß¯®¼½¯®°u± ¹ä¶u­	Û¹±  
σ
¾Ø¶@¶¾µ«±O¯®°l¾>°u±
Lm(E,µρ)
¶ﬁ³µ´«}´° ²¯®«± ¾µ¹°
«¬¯®¸
m > 1
¯±µ¬®«Ø¹ ¾µ°l±
(σ,∆σ + V σ) ≤ 0 ﬁ  ¸ ³>«²­¶³µ´« R >«0¾µ°FÙ  ³µ°MÙµ¹­O¶³­ ¯óÙÛ¯&¸ ¯Ø­±Ú¹§¼½¬¯
sup
A(R,2R)
|σ| ≤ C
(
ρ(R)
2
n−2R−2
) n
2m
(∫
A(R/2,5R/2)
|σ|m dµρ
)1/m
,
¹ ﬁ§¯ ﬁ
sup
A(R,2R)
|σ| ≤ C
volA(R/2, 5R/2)
(∫
A(R/2,5R/2)
|σ|m dvol
)1/m
.
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β ≥ m D57à98#8ﬁñ8ãﬁô@8 C õﬁ69à#Łö>578ñ²ræµã)#æµãﬁñàãﬁ578ﬂ9æµ57à#²5Û8&Ł57õﬁ6F857õ758&õﬁ8
β
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χ
89à#Łßà²à8 &àãﬁﬁFæµñ#9æ ouµ}õ757à
M
æµ5Ôæµßﬁ#Łß85
 +,89à##Ł 698½:
(∫
M
χq |σ| qβ2 ρ(r)− 2n−2
) 2
q
≤ Cβ
∫
M
χ2 |σ|β |V−|+ C
∫
M
|dχ|2 |σ|β . å]<D
?>ë
$5 |8ãﬁõﬁ6/75ﬁŁñõﬁ89à57æ óßﬁñ89à
t
8
s
uñß89àñ8#Łßæµ57à
1
x
+
1
s
+
1
t
= 1
57õ q
2s
+
1
t
= 1,
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ë
æµæµ57àﬁ|æµãﬁñﬁã7à²ñõ#ﬁrò]æµñóãﬁß8
t = xx−n/2
Dﬁ	+ Ł576öÛŁ6rõﬁ8ﬂ! 8µßõﬁ8ñòÚæµãﬁñ#5ﬁŁó:
β
∫
M
χ2 |σ|β |V−|
≤ β
(∫
supp χ
|V−|x ρ(r)
x−1
n/2−1
) 1
x
(∫
M
χq |σ| qβ2 ρ(r)− 2n−2
) 1
s
(∫
M
χ2 |σ|β ρ(r)− 2n−2
) 1
t
.
&

/²5õﬁæµ5ﬁ576
 > 0
ﬁ + Ł576öÛŁ6óõﬁ8 >æµãﬁ5ﬁö¢8óå]<D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β
∫
M
χ2 |σ|β |V−| ≤ 
(∫
M
χq |σ| qβ2 ρ(r)− 2n−2
) 2
q
+ Cβ
t
(∫
supp χ
|V−|x ρ(r)
x−1
n/2−1
) t
x
(∫
M
χ2 |σ|β ρ(r)− 2n−2
)
.
çñ9æµ57à69êã785Û>|æµãﬁñ

é7æµŁßàŁﬁF8#ŁåŁ57õﬁ6|857õ7  85Ûõﬁ8}ôµß8ãﬁñ	õﬁ8
β
ë/>æµ5æµßﬁ#Łß85õ757à
å]<D
?>ë:
(∫
M
χq |σ| qβ2 ρ(r)− 2n−2
) 2
q
≤ Cβt
(∫
supp χ
|V−|x ρ(r)
x−1
n/2−1
) t
x
(∫
M
χ2 |σ|β ρ(r)− 2n−2
)
+ C
∫
M
|dχ|2 |σ|β .
/²5)õﬁæµ5ﬁ5769à
R1 < R2 < 5R1
8
0 < δ ≤ R1/2  æµ5&9æµ57à#Łßõ9ﬀñ8	ãﬁ578ò]æµ57#Łßæµ5óõﬁ8/#ñæµ57 #ãﬁñ8 χ
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[0, 1]
Û8ß8ôµãﬁ
1
à#ãﬁñ
A(R1, R2)

8ß8/ô>ãﬁ
0
é7æµñà)õﬁ8
A(R1−δ,R2+δ) 8Cà²}õŁ 16ñ85Û#Łß8ß889à#%ß|æµñ#57698/uñ 2/δ Dæµ#ñ8/éÛè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 +ë/ﬁŁ oﬁŁßêã78
(∫
A(R1−δ,R2+δ)
|V−|x ρ(r)
x−1
n/2−1
) t
x
≤ Cρ(R1 − δ)
2
n−2 (R1 − δ)−2
)ô@89ﬂ989Ł ﬁ57æµ#ñ8&89à##Ł 698óõﬁæµ5ﬁ578
(∫
A(R1,R2)
|σ| qβ2 ρ(r)− 2n−2
) 2
q
≤ Cβtρ(R1 − δ)
2
n−2 (R1 − δ)−2
∫
A(R1−δ,R2+δ)
|σ|β ρ(r)− 2n−2
+ Cρ(R2 + δ)
2
n−2 δ−2
∫
A(R1−δ,R2+δ)
|σ|β ρ(r)− 2n−2
≤ Cβtρ(R2)
2
n−2 δ−2
∫
A(R1−δ,R2+δ)
|σ|β ρ(r)− 2n−2 ,
õﬁ8&à²æµñ#8ﬂêÛã78|æµãﬁñ 89à#ãﬁñ8
µρ
ﬁæµ5.
‖σ‖Lβq/2(A(R1,R2)) ≤
(
Cβtρ(R2)
2
n−2 δ−2
)1/β
‖σ‖Lβ(A(R1−δ,R2+δ)) .
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R
ö>ñ²57õ#7æµ5ﬀFæ>à8|æµãﬁñæµãﬁ85#Łß8ñ5u#ãﬁñ8
k
:
βk := m
(q
2
)k
, δk := 2
−k−1R, R1,k := R−
k∑
i=1
δi, R2,k := 2R+
k∑
i=1
δi.
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 @ë/Cæµ5d##ñ²|8 ‖σ‖Lβk (A(R,2R)) ≤ Ck ‖σ‖Lβ0(A(R1,k ,R2,k))
æ)(Q29æµ57à²5Û8
Ck
à +,89à##Ł 8uñ
Ck ≤
k−1∏
i=0
(
Cβtiρ(R)
2
n−2R−24i
)1/βi ≤ (Cρ(R) 2n−2R−2)Pk−1i=0 1/βi (4(q/2)t)Pk−1i=0 i/βi .
æ  8
∑∞
i=0
1
βi
= n2m
8
∑∞
i=0
i
βi
<∞ ﬁ989ŁC85Û#ñ²7:ß578
lim sup
k−→∞
Ck ≤ C
(
ρ(R)
2
n−2R−2
) n
2m
,
8õﬁæµ57
sup
A(R,2R)
|σ| = lim
k−→∞
‖σ‖Lβk (A(R,2R)) ≤ C
(
ρ(R)
2
n−2R−2
) n
2m ‖σ‖Lm(A(R/2,5R/2)) .
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 u´ ¶Û¶³­³>°ﬁ­r»´7¯

¶ﬁ³µ´«
´° Ø¯®«®± ¾>¹§°M°l³>¼·«#¯
x > n/2 
¸ß¯}¶ﬁ³>±O¯®°u±Ú¹ ¯®¸
V
­9¾>±Ú¹§­ 9¾­²­ ¯ﬂ¸ ¯®­®±Ú¹¼¬²¯ 
(∫
A(R,2R)
|V−|x ρ(r)
x−1
n/2−1 dvol
) 1
x−n/2
= O
(
ρ(R)
2
n−2R−2
)
.
}°3­9¯EÙ@³µ°7°F¯&´°F¯&­9¯9±Ú¹]³µ°.¸ ³ ¾µ¸ß¯®¼½¯®°u±·#³µ«®°F¬¯
φ 
¾µ¹°ﬁ­Ø¹	»´ ´°F¯&­9¯ 9±Ú¹Ú³>°3¸³ ¾µ¸ß¯®¼½¯®°u± /¹ ¶u­  	Û¹Ú±  
σ
¾Ø¶@¶ﬁ¾µ«®±O¯°l¾µ°u±
Lm(E,µρ)
¶³>´«}´° ²¯®«± ¾µ¹°½«¬¯®¸
m > 1
¯±¬®«®¹ ¾>°u±
(σ,∆σ+V σ) ≤ (σ, φ) ﬁ

¸³µ«Ø­¶ﬁ³µ´«
R
µ«#¾µ°lÙ

³>°bÙµ¹§­ ¶ﬁ³­9¯rÙÛ¯ó¸ ¯Ø­±Ú¹§¼½¬¯
sup
A(R,2R)
|σ| ≤ C
volB(o,R)
1
m
‖σ‖Lm(A(R/2,5R/2)) + C
R2
volB(o,R)
1
x
‖φ‖Lx(A(R,2R)) .
	
r<D D  7ç)æµãﬁñ
x = n
8
m = 2
7æµ5 æµßﬁ#Łß85ÛêÛã78ﬂàŁ |V−| ≤ Cr−2 ußæµñà
sup
A(R,2R)
|σ| ≤ C
volB(o,R)
1
2
‖σ‖L2(A(R/2,5R/2)) + CR2 ‖φ‖L∞(A(R,2R)) .
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u := |σ|+ F 79ô@89
F :=
(
ρ(R)
2
n−2R−2
) n
2x
−1
(∫
A(R,2R)
|φ|x ρ(r) x−1n/2−1 dvol
) 1
x
.
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φ
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σ
à + 5ﬁ5ãﬁß87Ł5#ñæõãﬁŁßàæµ57àß89àñ6ö>ãﬁñ#ŁßàØ#Łßæµ57à
v :=√
|σ|2 +  8 u := v + F Dﬁ/5 57æµ²5êã78
v∆v ≤ (σ,∆σ) ≤ |σ| (|V−| |σ|+ |φ| |σ|)
8õﬁæµ57
∆v ≤ |V−| v + |φ| ,
æµ5 #ñæµãﬁô@8
∆u ≤ |V−| u + |φ| ≤
(
|V−|+ |φ|
F
)
u.
çñ²é7æµŁ 2õﬁ8
F
uæµ52F8ãﬁﬁﬁŁßêã78ñ +,89à##Ł 698óà²57à8ñ8&àæµãﬁñ98Ôå]<D D +¢ë:
sup
A(R,2R)
u ≤ C
volB(o,R)
1
m
‖u‖Lm(A(R/2,5R/2))
/5 ò]Łßà²5857õñ8

ô@8ñà < 6ñæ97æµ5 |8ãﬁ8/1µ98ñß89à87à#Łßæµ5ﬀõﬁ8ﬂEò]æµñóãﬁß8>D|$5 85ﬀõﬁ69õãﬁŁó:
sup
A(R,2R)
|σ| ≤ sup
A(R,2R)
u ≤ C
volB(o,R)
1
m
‖σ‖Lm(A(R/2,5R/2)) + CF
8Eò]æµñóãﬁß8E5ﬁ57æµ579698óà +,æµßﬁ#Łß8585 æµß7à8ñ#ô>5ÛêÛã78
F
89à# ½7#æµñ6ﬂuñ
ρ(R)
1
xR2−
n
x ‖φ‖Lx(A(R,2R)) = volB(o,R)−
1
xR2 ‖φ‖Lx(A(R,2R)) .
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(∆ + V )σ = τ

τ
6²5ÛÔõﬁæµ5ﬁ5762õ757àoãﬁ5h89à#uµ98 ﬁﬁñæû
ﬁñ#Łß6>D	æµ#ñ8 æµß#89#Ł ò&89à#õ+,æµßﬁ85ﬁŁñÔõﬁ89àÔàæµãﬁ#Łßæµ57à
σ
ß|æµñ#576989à D	çæµãﬁñÔ98ﬃò Łñ8	æµ5.ß|89àæµŁ5
õ+,89à##Ł ½#Łßæµ57àDuCrﬁñ8oŁﬁﬀñ8Eõﬁ699æµãﬁß8&#ñﬃﬀ9àôŁ8ﬂõﬁ8ﬂ + Ł576öÛŁ6óõﬁ8ó
æµß|æµß8ô rFæµŁßõﬁàD
ï	 F .<D D   ÷}± ¾µ°u±Ù@³µ°7°F¬ 2n
n+2 ≤ s < n2 
³µ°o¶7¯®´±±Ú«#³µ´(µ¯®«&´°F¯ ²³µ°ﬁ­®± ¾>°u±O¯
C(n, s)
±O¯®¸¸¯
»´7¯¶³µ´«ó± ³µ´±O¯&­9¯ ±Ú¹Ú³µ°b¸ ¹­Ø­9¯ ½­Ø´¶@¶³µ«± ²³µ¼¶¾ 9±
σ 
³µ°M¾
‖σ‖
L
ns
n−2s (E,µρ)
≤ C(n, s)S ∥∥∆σ∥∥
Ls(E,ρ(r)
s−1
n/2−1 dvol)
.
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k = sn−2s
n−2
2 ≥ 1
8ﬁñ857æµ57à
σ
õ757à
C∞c (E)
DF$5ﬀﬁﬁŁßêÛã78ﬂ + Ł576öÛŁ6óõﬁ8ó
æµßFæµß8ô
r|æµŁßõﬁà ;Eò]æµ57#Łßæµ5 ßæ ß885Û%Ł7àéﬁŁ=< |σ|k :
1
S
‖σ‖2k
L
ns
n−2s (E,µρ)
≤
∫
M
∣∣∣d(|σ|k)∣∣∣2 = ∫
M
|σ|k ∆(|σ|k) ≤ k
∫
M
|σ|2k−1 ∆ |σ| .
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	+ Ł576öÛŁ6Eõﬁ8 &æoŁ oﬁŁßêã78óßæµñà
1
S
‖σ‖2k
L
ns
n−2s (E,µρ)
≤ k
∫
M
|σ|2k−1 ∣∣∆σ∣∣ = k ∫
M
|σ|n(s−1)n−2s ∣∣∆σ∣∣ .
/5 ò]Łßà²5ﬁ|8 ; + Ł576öÛŁ6óõﬁ8ﬂ! 8µßõﬁ8ñ7æµ5 uñ#ôŁß85Û?
1
S
‖σ‖2k
L
ns
n−2s (E,µρ)
≤ k
(∫
M
∣∣∆σ∣∣s ρ(r) s−1n/2−1 dvol)1/s(∫
M
|σ| nsn−2s dµρ
)1−1/s
,
õ+,æ)(
1
S
‖σ‖
L
ns
n−2s (E,µρ)
≤ k
(∫
M
∣∣∆σ∣∣s ρ(r) s−1n/2−1 dvol)1/s .

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L∞
D
ï	 F 2<D Dä?  ÷}± ¾µ°u±/Ù@³µ°u°F¬Ø­
t > n/2
¯±
x ≥ 1  ¹¸7Ý;¾E´°F¯ ³µ°7­®± ¾µ°u±O¯ C(n, x, t) ±O¯®¸¸¯»´7¯
¶³>´«ó± ³>´±O¯ó­ ¯9±Ú¹]³µ°b¸º¹§­²­ ¯ﬀ­Ø´¶@¶³µ«± ³µ¼¶¾ 9±
σ 
‖σ‖L∞(E) ≤ C(n, x, t)
(
S
tn
2t−n
∥∥∆σ∥∥ tn2t−n
Lt(E,ρ(r)
t−1
n/2−1 dvol)
‖σ‖xLx(E,µρ)
) 1
tn
2t−n +x
.

= 
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æ  8;ﬁã7àéuãﬁ|æµ5bô@æµŁﬂêÛã78r|æµãﬁñæµãﬁ8oà²89#Łßæµ5
σ
õﬁ8
C∞c (E)
8æµãﬁﬂ57æ óßﬁñ8
k ≥ 1 
æµ53ﬃ: (∫
M
|σ|kq dµρ
)2/q
≤ kS
∫
M
|σ|2k−1 ∣∣∆σ∣∣ dvol.
çñ + Ł576öÛŁ6&õﬁ8ó! 8µßõﬁ8ñ7æµ5 853õﬁ69õãﬁŁó:
(∫
M
|σ|kq dµρ
)2/q
≤ kS
(∫
M
∣∣∆σ∣∣t ρ(r) t−1n/2−1 dvol)1/t (∫
M
|σ| (2k−1)tt−1 dµρ
)1−1/t
.
6/75ﬁŁßààæµ57àoà#ãﬁŁ8
(βi)
uñ
β0 = x
8
βi+1 =
q
2
(
t−1
t βi + 1
)
Duç)æµãﬁñæµãﬁ85Û#Łß8ñ5u#ãﬁñ8
i

æµ53oßæµñàó:
‖σ‖βi+1
Lβi+1 (E,µρ)
≤ (q−1βi+1Nt) q2 (‖σ‖βiLβi (E,µρ)
)ζ
,
æ)(
Nt = S
(∫
M
∣∣∆σ∣∣t ρ(r) t−1n/2−1 dvol)1/t 8 ζ = q(t− 1)
2t
> 1.
/5ﬀŁ6ñ²5Û989Ł uæµ5 æµßﬁ#Łß85Û|æµãﬁñæµãﬁ85#Łß8ñ5u#ãﬁñ8
i
:
‖σ‖βi
Lβi(E,µρ)
≤ (q−1Nt) q2 Pi−1j=0 ζj

 i∏
j=1
βζ
i−j
j

q/2 (‖σ‖β0
Lβ0 (E,µρ)
)ζi
.


Ł57à#Ł	:
‖σ‖Lβi(E,µρ) ≤
(
q−1Nt
) q
2βi
ζi−1
ζ−1

 i∏
j=1
βζ
−j
j


qζi
2βi (
‖σ‖β0
Lβ0(E,µρ)
) ζi
βi .
)ô@89
βi = ζ
i
(
β0 +
q
2(ζ−1)
)
− q2(ζ−1)
)æµ5dô@æµŁrêÛã78 ζi
βi
857õdô@8ñà 1
β0+
q
2(ζ−1)
êãu57õ
i
857õ
ô@8ñà + Ł575ﬁŁ Dl/5ﬀ69ñ#Łô>5Û
log

 i∏
j=1
βζ
−j
j

 = i∑
j=1
jζ−j log ζ +
i∑
j=1
ζ−j log
βj
ζj
,
æµ5Mô@æµŁ&êã78o98#8o8 ﬁñ89à²à#Łßæµ5XÔãﬁ578;Ł oŁ8êÛãu57õ
i
857õbô@8ñà + Ł575ﬁŁ DC/5 75Qõﬁ8o9æ oﬁ8
æµ5 #ñæµãﬁô@8
‖σ‖L∞(E,µρ) ≤
(
q−1Nt
) q2(ζ−1)β0+ q2(ζ−1)

 ∞∏
j=1
βζ
−j
j


q
2
β0+
q
2(ζ−1)
‖σ‖
β0
β0+
q
2(ζ−1)
Lβ0(E,µρ)
.
ç/ãﬁŁßà²êÛã78 q
2(ζ−1) =
tn
2t−n
8
β0 = x
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¨¦FC©% 7â    ¹ø@³µ°ﬁ­°l³µ´­´°ﬃ³µ´ ¯®«±
 ·#³>«0Ù ¸º¹§­²­ ¯
Ω 
¾µ¹°ﬁ­Ø¹»´ﬁ¯½ÙÛ¯®´>ø2°l³>¼·«#¯Ø­r«#¬²¯®¸ä­
 s ∈ [ 2nn+2 , n2 [
¯±
t ∈]n2 ,+∞[
ﬁ

¸ ³>«²­r³>°¢¶ﬁ¯®´±
ÙÛ¬ 	°7¹«ﬂ´°M³Ø¶ﬁ¬®«#¾>±O¯®´« ³µ°u±Ú¹°7´
∆
−1
: Ls
(
EΩ, ρ(r)
s−1
n/2−1 dvol
)
∩ Lt
(
EΩ, ρ(r)
t−1
n/2−1 dvol
)
−→ L∞(EΩ)
»´¹¹§° ¯®«Ø­9¯&¸¯ﬂ¸ ¾Ø¶F¸ ¾ 9¹]¯®°bÙÛ¯ ³ 	Û°F¯®«­®´«
Ω 
¾¯ ³µ°FÙµ¹±Ú¹]³µ°3Ù¯ &¹§«®¹ 	Û¸¯9± ﬁ r¯¶F¸º´­

¹¸%¯øµ¹­±O¯
´°F¯ ²³µ°ﬁ­®± ¾>°u±O¯
C = C(n, s, t)
±O¯¸§¸ß¯ »´7¯2± ³>´±O¯2­9¯ ±Ú¹Ú³µ°¸º¹§­²­ ¯ b­®´ ¶Û¶³µ«± ³µ¼¶¾  ±
σ
¬®«®¹ ¯
¸ ¯®­®±Ú¹¼¬²¯
‖σ‖L∞(EΩ) ≤ C S
(∥∥∆σ∥∥ sn−2s
Ls(EΩ,ρ(r)
s−1
n/2−1 dvol)
∥∥∆σ∥∥ t2t−n
Lt(EΩ,ρ(r)
t−1
n/2−1 dvol)
) 1
s
n−2s +
t
2t−n
.

= 
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ψ
õ757à
C∞c (EΩ)

#é769æµñ#Łß8
L2
ò]æµãﬁñ#5ﬁŁÔãﬁ578bàæµãﬁ#Łßæµ5 Łßàà8
σR
d +,69êãu#Łßæµ5
∆σR = ψ
àãﬁñ
Ω ∩ B(R) }9ô@89
9æµ57õŁ#Łßæµ5ﬀõﬁ8Łñ#Łßéﬁß8 DF$52 +,6857õ2852ãﬁ578ò]æµ57#Łßæµ5
H10
àãﬁñ
Ω
85ﬃré7æµŁßà#Łßà²à²5Û5ãﬁß8é7æµñà
õﬁ8
B(R)
D	+,89à##Ł 698
L∞
åÚ85½ñ8öÛñõ75ß89àﬁñ8ãﬁô@89àﬁñ69969õﬁ85Û89àﬁæµ5Ôô@æµŁêã7898#889à##Ł 698
89à#ô@6ñ#Ł u698óuñ
σR
ëõﬁæµ5ﬁ578
‖σR‖L∞(EΩ) ≤ C(n, s, t)S
(
‖ψ‖
s
n−2s
Ls(EΩ,ρ(r)
s−1
n/2−1 dvol)
‖ψ‖
t
2t−n
Lt(EΩ,ρ(r)
t−1
n/2−1 dvol)
) 1
s
n−2s +
t
2t−n
.

çæµãﬁñæµãﬁ9æ ouµ
K
Łè¢rãﬁ5257æ Eßﬁñ8
RK
êãﬁŁ|ò Ł}êã78Eò  oŁß8
(σR|K , R ≥ RK) 89à#
ãﬁ5ﬁŁ ò]æµñ685ÛßFæµñ#57698õ757à
C∞(EK)
åuññ6ö>ãﬁñ#Ł68Łﬁ#Łßêã78ë/Ûõﬁ8à²æµñ#8êÛã78ß8#é769æµñﬃﬀ8
õ+,à9æµŁ%ò]æµãﬁñ#5ﬁŁãﬁ578rà#ãﬁŁ8E9æµ5Ûô@8ñ#ö@8 5Ûﬂõ757à
C∞(EK)
DFçñ8 #ñ²µ#Łßæµ5.õŁö@æµ5uß8|æµ53æµßû
#Łß85&ãﬁ578à#ãﬁŁ8
(σRi)
êãﬁŁ	9æµ5Ûô@8ñ#ö@8oô@8ñà
σ
õ757à
C0c (EΩ)
D
σ
89à#óßæµñàﬂãﬁ578oàæµãﬁ#Łßæµ5Mò Łßﬁß8
õﬁ8
∆σ = ψ
Fõﬁæµ57r89àŁßàà²8uõﬁæµ57;89à#ãﬁ578;àæµãﬁ#Łßæµ53ò]æµñ#8>DFçæµãﬁñæµãﬁ9æ ouµ
K
uæµ5.|8ãﬁ
69ñ#Łñ8 ‖σ‖L∞(EK) = limi−→∞ ‖σRi‖L∞(EK)
ﬁõ+,æ)(
‖σ‖L∞(EK) ≤ C(n, s, t)S
(
‖ψ‖
s
n−2s
Ls(EΩ,ρ(r)
s−1
n/2−1 dvol)
‖ψ‖
t
2t−n
Lt(EΩ,ρ(r)
t−1
n/2−1 dvol)
) 1
s
n−2s +
t
2t−n
.
/5 ﬁñ85u5Û;ß8Ôà#ãﬁﬁñ8óã  à#ãﬁñEß89àE9æ ouµà
K
Cæµ5eæµßﬁ#Łß85Û;ãﬁ578½89à##Ł 698
L∞
à#ãﬁñ
Ω
æµãﬁ
85#Łß8ñ D$5X|8ãﬁóõﬁæµ57õﬁ6/75ﬁŁñEãﬁ5Xæµ|6ñ²8ãﬁñ
∆
−1 à#ãﬁñ
C∞c (EΩ)
%9æµ5#Ł5Ûã Fæµãﬁñ&ß89àó57æµñ89à
5ﬁ57æµ5796989à D|$52 +,6857õ3ßæµñàuñ9æµ5Û#Ł5ÛãﬁŁ6>D

çñ ãﬁ578b89²éﬁ5ﬁŁßêÛã78Qõﬁ8b|8ñ##ãﬁñ#ßu#Łßæµ5æµ5 85'õﬁ69õãﬁŁ ãﬁ5'ñ69à#ãﬁ²ﬀ5ußæµö>ã78QFæµãﬁñ2õﬁ89à
æµ|6ñ²8ãﬁñàõﬁ8E
²éﬁñ98õŁ5ﬁö@8ñ D
 óC7¨)âF X<D D 

© ) 7â¡ §¨©ú) 7¡½¨¤77âF 7%â¡2ú)  F¦|%â úC©  7â   |³µ¹±
s
´°b«¬¯®¸
ÙÛ¯
[ 2nn+2 ,
n
2 [
¯±
t
´°b«#¬¯¸)ÙÛ¯
]n2 ,+∞[
ﬁ °½¶ﬁ¯®´±±Ú«0³µ´ ¯®«E´°.°l³µ¼½·®«¯
η(n, s, t, S) > 0
±O¯¸C»´ﬁ¯

­®¹³µ°ﬀ­ ¯rÙ@³µ°7°F¯&´°b³µ´ ¯®«± 2·#³µ«#Ù½¸ ¹§­²­9¯
Ω
¯±	´°Ô¶³>±O¯®°u±Ú¹ ¯®¸
V
µ¬®«Ø¹ ¾µ°l±
max
(
‖V−‖
Ls(Ω,ρ(r)
s−1
n/2−1 dvol)
, ‖V−‖
Lt(Ω,ρ(r)
t−1
n/2−1 dvol)
)
<
η(n, s, t)
S
,
¾µ¸³µ«Ø­&¹§¸)¯øµ¹­±O¯ó´°M³Ø¶ﬁ¬®«#¾>±O¯®´« ³µ°u±Ú¹°7´
(∆ + V )−1 : Ls(EΩ, ρ(r)
s−1
n/2−1 dvol) ∩ Lt(EΩ, ρ(r)
t−1
n/2−1 dvol) −→ L∞(EΩ)
¹° ¯®«Ø­¾>°u±	¸ ³®¶ﬁ¬®«#¾>±O¯®´«;ÙÛ¯ 	Û«Ùµ¹§° Û¯®« ²³µ«Ø«¯Ø­O¶³µ°lÙ@¾>°u± ﬁ

= 
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à8 85u5½ã #é769æµñﬃﬀ8ﬃﬁñ69969õﬁ85½à + û
ﬁŁßêã78uñ0ò Ł885Û ó +,æµ|6ñ²8ãﬁñ
H := ∆+V+
D6/75ﬁŁßà²àæµ57àßæµñà
η(n, s, t)
9æ  86²5Û
S
õŁôŁßà6uñ;57æµñ8óõﬁ8
H−1 : Ls(EΩ, ρ(r)
s−1
n/2−1 dvol) ∩ Lt(EΩ, ρ(r)
t−1
n/2−1 dvol) −→ L∞(EΩ).
æµ#ñ8ﬂéÛè|æµ#é!ﬀ9à8&à#ãﬁñß8|æµ85Û#Łß8
V
öÛñ²5Û#ŁêÛã78
V− : L
∞(EΩ) −→ Ls(EΩ, ρ(r)
s−1
n/2−1 dvol) ∩ Lt(EΩ, ρ(r)
t−1
n/2−1 dvol),
89à#Eãﬁ5 æµ|6ñ²8ãﬁñ;9æµ5Û#Ł5Ûã_õﬁ8½57æµñ8¢à#ñ#Łß885Û;Ł5òÚ6ñ#Łß8ãﬁñ8 
η(n, s, t)/S
Dæµ57
H−1V−
89à#Eãﬁ5 857õﬁæ æµñ#ﬁéﬁŁßà 8¢9æµ5#Ł5Ûã_õﬁ8Ô +,89à#uµ98Ôõﬁ8ÔB5uµé
L∞(EΩ)
õﬁ857æµñ8ﬃà##ñ#Łß885
Ł5ò]6ñ#Łß8ãﬁñ8 
1
: +,æµF6ñ²8ãﬁñ
Id+H−1V−
89à#Ôãﬁ5iãﬁæ æµñ#ﬁéﬁŁßà8Mõﬁ8
L∞(EΩ)
D$5|8ãﬁ
ßæµñàõﬁ6/75ﬁŁñ +,æµ|6ñ²8ãﬁñ
(Id+H−1V−)
−1H−1 = (∆ + V )−1
lõﬁ8
Ls(EΩ, ρ(r)
s−1
n/2−1 dvol) ∩
Lt(EΩ, ρ(r)
t−1
n/2−1 dvol)
ô@8ñà
L∞(EΩ)
D

@?
        ﬀ 
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 ﬀ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 
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ñ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Fæµ53à²ŁêÛã78óà#ŁC57æµñ8Eõã3Fæµ85#Łß8õ757à
Ln/2(ρdvol)
89à
|8#Ł8uññ²ﬁ|æµñ#'&ó9æµ57à#²58õﬁ8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L2
ﬁ89à}õﬁ857æèÛã #ñ#ŁôŁ Du$52ô>Eô@æµŁñêÛã78
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uæµ5
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à89àﬁñ8ãﬁô@89à D
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 =

 E%7¨âl QúC Mð©%%ú) 
  
   l¹/¸¯¶³>±O¯°u±Ú¹]¯¸
V
¬®«®¹ }¯
∫
M
|V−|n/2 ρ(r)dvol <∞,
¾µ¸³µ«Ø­&¸¯&°l³µÝ@¾µ´
L2
ÙÛ¯ó¸ ³®¶ﬁ¬®«#¾>±O¯®´«
∆ + V
¯Ø­±Ù¯EÙ>¹§¼½¯®°ﬁ­®¹Ú³>°ﬀ	°7¹ ¯ ﬁ

= 
6$
O
çæ>àæµ57à
H = ∆ + V+
Dç/ñæµãﬁô@æµ57àﬃõ+ ßFæµñõêÛã78
V
1/2
− H
−1/2 89à#¢9æ ouµ D	+ Ł576öÛŁ6bõﬁ8

æµß|æµß8ô rFæµŁßõﬁàõŁêÛã78|æµãﬁñæµãﬁ8&à89#Łßæµ5 Łßà²à8,;à#ãﬁﬁ|æµñ#9æ ouµ
σ
7æµ5ﬀ
1
S
(∫
M
|σ| 2nn−2 ρ(r)− 2n−2
)1−2/n
≤
∫
M
|d |σ||2
V + Łßõﬁ8&õﬁ8ﬂ + Ł576öÛŁ6&õﬁ8&æ97æµ53ñ#ñ#Łô@8 
1
S
(∫
M
|σ| 2nn−2 ρ(r)− 2n−2
)1−2/n
≤
∫
M
(σ,∆σ) ≤
∫
M
(σ,Hσ) =
∫
M
∣∣∣H1/2σ∣∣∣2 ,
98&êãﬁŁﬁñæµãﬁô@8ﬂo9æµ5#Ł5ÛãﬁŁ6Eõﬁ8ﬂ +,æµF6ñ²8ãﬁñ
H−1/2 : L2(E, dvol) −→ L 2nn−2 (E, dµρ).
	+ Ł576öÛŁ6Eõﬁ8&! 8µßõﬁ8ñõﬁæµ5ﬁ578óã7àà#Ł
∫
M
∣∣∣V 1/2− σ∣∣∣2 ≤
(∫
M
|V−|n/2 ρ(r)
)2/n (∫
M
|σ| 2nn−2 ρ(r)− 2n−2
)1−2/n
,
98&êãﬁŁ ö>ñµ98 r57æµ#ñ8ﬂéè|æµ#é!ﬀ9à8uµà²à#ãﬁñ8ﬂ;9æµ5Û#Ł5ãﬁŁ6Eõﬁ8 +,æµ|6ñ²8ãﬁñ
V
1/2
− : L
2n
n−2 (E, dµρ) −→ L2(E, dvol).
æµ57
V
1/2
− H
−1/2 89à#ãﬁ5bæµ|6ñ²8ãﬁñﬂß|æµñ#576ràãﬁñ L2(E, dvol)
D%/²5Û&õﬁæµ5ﬁ576
R > 0
|àæµŁ
χR
ãﬁ578rò]æµ57#Łßæµ5QŁßàà8rô>5Û
1
à#ãﬁñ
B(R)
à + 5ﬁ5Ûãﬁ5óé7æµñà&õﬁ8
B(2R)
8ﬂﬁñ85u5óà89àô>ß8ãﬁñà
õ757à
[0, 1]
Du	+,æµ|6ñ²8ãﬁñ
χRH
−1/2 85ô@æµŁß8 L2(E)
õ757à
H10 (EB(2R))
õﬁæµ57ﬁuñß8#é769æµñﬃﬀ8
õﬁ8Ô8ŁßéCŁ89à#ó9æ ouµ;85Q²5rêã%+,857õﬁæ æµñ#ﬁéﬁŁßà8¢õﬁ8
L2(EB(2R))
Dæ  8 |V−| 89à#
ãﬁ578ò]æµ57#Łßæµ5rß|æµñ#57698à#ãﬁñß89à9æ ouµàåﬁãﬁŁßàêã789æµ5#Ł5Ûã78ë/@æµ5o85oõﬁ69õãﬁŁ/êÛã78
χRV
1/2
− H
−1/2


89à#/ãﬁ5æµ|6ñ²8ãﬁñ9æ ouµà#ãﬁñ
L2(E)
D"ãu57õ
R
857õô@8ñà/ + Ł575ﬁŁ 
χRV
1/2
− H
−1/2 9æµ5Ûô@8ñ#ö@8
ô@8ñà
V
1/2
− H
−1/2 85257æµñ8&õ+,æµ|6ñ²8ãﬁñ Duæµ57 V
1/2
− H
−1/2 89à#9æ ouµà#ãﬁñ L2(E)
D
%à#ãﬁŁêã78
H−1/2V−H
−1/2 = (V
1/2
− H
−1/2)∗(V
1/2
− H
−1/2)
89à#oã7àà#Ł}9æ ouµ D/5 uñ##ŁßãﬁŁß8ñ +,89à#uµ98¢ﬁñæµﬁñ8
Ker(Id−H−1/2V−H−1/2) 89à#rõﬁ8¢õŁ û
857à#Łßæµ5 75ﬁŁß8>D
æµ57àŁßõﬁ6ñæµ57àﬂãﬁ578oà89#Łßæµ5
σ
õ757à
L2(E)
88ß8oêÛã78
(∆ + V )σ = 0
|Ł D,8>D
Hσ = V−σ
D
$53ô@8ãﬁﬁñæµãﬁô@8ñêÛã78
H1/2σ
89àãﬁ536ß685õﬁ8ó +,89à#uµ98Eﬁñæµﬁñ8óŁ ûOõﬁ89àà#ã7àDFæ  8ræµ5ﬀ578
à²Łuµàà#Ł
σ
89àõ757àß8õﬁæ ½Ł578õﬁ8
H
>Łu9æµ5ôŁß85õ+"ﬂ#ñ8ﬁñ#ã7õﬁ85Û Dﬁ$5½ô>õ+ ßFæµñõ½ô@6ñ#Ł u8ñ
êã78
σ
89àõ757àß8óõﬁæ ½Ł578;õﬁ8
H1/2
7Ł D,8>D
H1/2σ ∈ L2(E) D
æµŁ χ ãﬁ536ß685ﬂõﬁ8 C∞c (E)
D
/5ﬀŁ5Û6ö>ñ²5Û9æ  8ﬂﬁã7àéuãﬁuæµ5 #ñæµãﬁô@8
∫
M
∣∣∣H1/2(χσ)∣∣∣2 = ∫
M
|dχ|2 |σ|2 +
∫
M
∣∣∣V 1/2− χσ∣∣∣2 .
)ô@89 + Ł576öÛŁ6óõﬁ8&! 8µßõﬁ8ñ8 + Ł576öÛŁ6Eõﬁ8E
æµßFæµß8ô r|æµŁßõﬁà7æµ52#ñæµãﬁô@8
∫
M
∣∣∣H1/2(χσ)∣∣∣2 ≤ ∫
M
|dχ|2 |σ|2 +
(∫
supp χ
|V−|n/2 ρ(r)
)2/n
S
∫
M
∣∣∣H1/2(χσ)∣∣∣2 .
çæµãﬁñ
R
ö>ñ²57õ 8
χ
9æ  8óõ757àrﬁñ8ãﬁô@8Eõﬁ8å]<D D <@ë/u989Łò]æµãﬁñ#5ﬁŁ
∫
B(R)c
∣∣∣H1/2(σ)∣∣∣2 ≤ 8S ‖σ‖2L2 R−2,
õﬁæµ57
H1/2σ
89à#ßﬁŁß85ﬀõ757à
L2(E)
D
8
σ ∈ H−1/2L2(E) uæµ5ﬀõﬁ69õãﬁŁ
V
1/2
− σ ∈ V 1/2− H−1/2L2(E) ⊂ L2(E).
)ô@89 X9æµ5Û#Ł5ÛãﬁŁ6Mõﬁ8
V
1/2
− H
−1/2 àãﬁñ L2(E)
æµ5ô@æµŁ¢êÛã78
H−1/2V
1/2
−
89à#Ô9æµ5#Ł5Ûã'à#ãﬁñ
L2(E)
lõﬁæµ57&85 75ﬀõﬁ8ﬂ9æ oﬁ8Ô:
H−1/2V
1/2
− V
1/2
− σ = H
−1/2V−σ ∈ L2(E).
89ŁöÛñ²5#Łêã78
(Id−H−1/2V−H−1/2)H1/2σ 89àõ757à L2(E) Dﬁçæµãﬁñ φ õ757à C∞c (E)
7æµ5
|8ãﬁ69ñ#Łñ8
< H(Id−H−1/2V−H−1/2)H1/2σ, φ > = < H(H1/2σ −H−1/2Hσ), φ >
= < σ,H(H1/2 −H−1/2H)φ >
= 0
õﬁ8&à²æµñ#8ﬂêÛã%+ ãﬀà²857àõﬁ89àõŁßà##ñ#Łßﬁãﬁ#Łßæµ57àE:
H(Id−H−1/2V−H−1/2)H1/2σ = 0.

Ł57à#Ł 
(Id−H−1/2V−H−1/2)H1/2σ 89à#ãﬁ5ﬀ6ß685õﬁ8 KerL2 H = {0}
:
(Id−H−1/2V−H−1/2)H1/2σ = 0.
%à +,85 à#ãﬁŁêã78ß857æ èÛã.õﬁ8
∆ + V = H − V− 89àãﬁ5ﬀàæµã7à0ûO89à#uµ98ﬂõﬁ8
H−1/2 Ker(Id−H−1/2V−H−1/2),
êãﬁŁ%89à#õﬁ8&õŁ 857à#Łßæµ5 75ﬁŁß8>D

çæµãﬁñ)æµßﬁ85ﬁŁñ)ãﬁ578 ½7#æµñ²#Łßæµ5Eõﬁ8/õŁ 857àŁßæµ5Eõã&57æèÛãæµ5&ô>}à + ﬁﬁãﬁè@8ñ)àãﬁñ%ß8/ñ69à#ãﬁ²
à#ãﬁŁô>5Û7#Łñ6&õﬁ8 ﬃä*-  åô@æµŁñã7àà#Łﬃ,Ł  ë®D
 óC7¨)âF X<D D
 


E)¥¥Û¨) ²e   uâ   F³µ¹Ú±
E −→ M ´°·«#¬)µ¯9± ³µ«®¹]¯¸/¯®´ ¸ ¹ÚÙ>¹]¯®°XÙ¯
«#¾µ°(
k
ﬁ ﬀ´°7¹§­²­³>°ﬁ­
M
Ù ´°F¯¼½¯Ø­®´«¯°7¹]¯
λ
¯± ³>°ﬁ­Ø¹]ÙÛ¬®«#³µ°ﬁ­´° ­³µ´­ #¯Ø­ ¶¾ ²¯ﬀ¯9± ³µ«®¹ ¯®¸ L Ù¯
L2(M,λ) 
Ù¯óÙµ¹¼½¯®°ﬁ­®¹Ú³µ°)	°7¹ ¯
N ≥ k ﬁ  ¸³µ«Ø­  ¶³µ´« q > 2 
ιq(k)
ιq(N)
≤ λ(M)1−2/q
(
1
ωN
∫
SL
‖s‖qLq(E,λ) ds
)2/q
,
³
SL
¯Ø­±/¸ ¾;­ ¶ 	«#¯&´°u¹±O¬óÙÛ¯ L  ωN ¯Ø­±/¸ß¯# ³µ¸ ´¼¯EÙÛ¯ﬂ¸ ¾o­ ¶ 	«#¯ﬂ´°7¹Ú±O¬&ÙÛ¾µ°ﬁ­ RN ¯± ιq ¯Ø­®±¸¾
9³µ° 9±Ú¹]³µ°MÙÛ¬«#³µ¹§­²­9¾µ°u±O¯ó­Ø´¹  ¾µ°u±O¯

³·±O¯®°7´7¯&¶¾µ«±Ú¹§«óÙÛ¯ó¸¾³µ° 9±Ú¹Ú³>°
Γ
Ù ÷}´¸ß¯®«
ιq : x 7→ 2
x
(
Γ
(x+q
2
)
Γ
(
x
2
) )2/q .
r¯¶l¸º´­

N
k
≤ λ(M)
(
max
s∈SL
‖s‖L∞(E,λ)
)2
.
 578&9æµ57à69êã785798&89à#ß8
 óC7¨)âF ﬀ<D D
 <

 ó%7¨âl ﬀú) ﬀð©%%ú) 

   }°ﬃ­Ø´¶@¶³­ ¯¸¯¶³>±O¯®°u±Ú¹ ¯®¸
V
¬®«®¹ ¯
∫
M
|V−|n/2 ρ(r)dvol <∞.
F³>¹]¯®°l±
k
¸ß¯«#¾µ°(Ù¯
E  N
¸¾Ùµ¹¼½¯®°ﬁ­Ø¹]³µ°ﬀÙµ´¢°l³µÝ@¾µ´
L2
ÙÛ¯
∆+V
¯9±
q = 2nn−2
ﬁuª³>´«
N ≥ k 
³µ°M¾
ιq(k)
ιq(N)
≤ S
(∫
M
|V−|n/2 ρ(r)dvol
)2/n
;

´±Ú«#¯¼¯°u±Ù>¹±

¶³>´«ó± ³>´±¯®°u±Ú¹ ¯®«
N0
­Ø´¶ﬁ¬®«®¹ ¯®´«o³µ´3¬ Û¾µ¸ 
k 
­Ø¹
S
(∫
M
|V−|n/2 ρ(r)dvol
)2/n
≤ ιq(k)
ιq(N0)
,
¾µ¸³µ«Ø­
dimKerL2(∆ + V ) ≤ N0.
?µ=
= 
6$
O
$5Eôãóõ757àCﬁñ8ãﬁô@8ﬁñ69969õﬁ85Û8êÛã78 K := KerL2(∆+V )
89à#%ãﬁ5óàæµã7à#ûO89à#uµ98õãóõﬁæ ½Ł578
õﬁ8
(∆ + V+)
1/2 Fõﬁ8ràæµñ#8;êã%+ 9ô@89; + Ł576öÛŁ6oõﬁ8o
æµßFæµß8ô |æµ53ô@æµŁﬂêã78Eæµãﬁﬂ6ß685 σ
õﬁ8
KerL2(∆ + V )
ô@6ñ#Ł u8
(∫
M
|σ|q ρ(r)− 2n−2 dvol
)2/q
≤ S
∫
M
(σ, V−σ)dvol.
6/75ﬁŁßààæµ57à
dλ = |V−|n/2 ρ(r)dvol 8 F : K −→ L2(E, λ) uñ
F (σ) = 1|V−|−1(R∗+)
|V−|
−n
4 ρ(r)−1/2V
1/2
− σ.
F
89à#Ł5)#89#Łô@8¢åÚàæµ5357æ èÛãb89à#Ł57ã7àõ757à
KerL2(∆ + V+) = {0}
ë8|æµãﬁñæµãﬁ
σ
õﬁ8 K 
æµ53 (∫
M
|F (σ)|q dλ
)2/q
≤ S
∫
M
|F (σ)|2 dλ.
/5.ﬁﬁŁßêÛãu5<D D
 
 
F (K) uæµ5ﬀ#ñæµãﬁô@8
ιq(k)
ιq(N)
≤ λ(M)1−2/q
(
1
ωN
∫
SF (K)
‖s‖qLq(E,λ) ds
)2/q
≤ λ(M)1−2/qS
=
(∫
M
|V−|n/2 ρ(r)dvol
)2/n
S.

$5ﬀF8ãﬁã7ààŁ%9æ óßﬁŁ578ñ<D D
 
E8 +,89à##Ł 698
L∞
õã uñ²ö>ñ²ﬁé78&ﬁñ69969õﬁ85 D
 óC7¨)âF V<D D
 

 óC7¨)âF 1úC 1ð§©C%ú) 
  
   u´¶@¶³­9³µ°ﬁ­.»9´ﬁ¯3¸ß¯o¶³>±O¯®°u±Ú¹ ¯®¸
V
¬«Ø¹ ¯
V− ∈ Ls(EΩ, ρ(r)
s−1
n/2−1 dvol) ∩ Lx(EΩ, ρ(r)
x−1
n/2−1 dvol)
¾µ¯ 2n
n+2 ≤ s < n2 < x
ﬁ

¸³µ«Ø­¹¸ÝÔ¾½´°|¯ ²³µ°ﬁ­®± ¾>°u±O¯
C = C(n, s, x)
±O¯®¸§¸ß¯r»´7¯&¸¾¢Ùµ¹§¼½¯®°7­Ø¹]³µ°
ÙÛ¯
KerL2(∆ + V )
¯Ø­®±¼¾0Ü9³µ«#¬²¯¶¾µ«
max
(
1, C ‖SV−‖x
Lx(E,ρ(r)
x−1
n/2−1 dvol)
‖SV−‖
s(x−n/2)
n/2−s
Ls(E,ρ(r)
s−1
n/2−1 dvol)
)
· rgE.

= 
6$
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æµŁ
k := rgE
Dﬁ$52à#ãﬁﬁ|æ>à8rõŁ 857à#Łßæµ52õﬁ8
KerL2(∆ + V )
àãﬁF6ñ#Łß8ãﬁñ85
k
D7æ  8õ757à
<D D

7æµ5ﬀô@æµŁêÛã78æµãﬁ6ß685Û
σ
õﬁ8 K := KerL2(∆ + V )
ô@6ñ#Ł u8
‖σ‖
s
n−2s
+ x
2x−n
L∞(E) ≤ C(n, s, x) ‖SV−σ‖
s
n−2s
Ls(E,ρ(r)
s−1
n/2−1 dvol)
‖SV−σ‖
x
2x−n
Lx(E,ρ(r)
x−1
n/2−1 dvol)
,
? 

õﬁ8&à²æµñ#8ﬂêÛã78
‖σ‖
x
2x−n
L∞(E) ≤ C(n, s, x) ‖SV−‖
s
n−2s
Ls(E,ρ(r)
s−1
n/2−1 dvol)
‖SV−σ‖
x
2x−n
Lx(E,ρ(r)
x−1
n/2−1 dvol)
.
6/75ﬁŁßààæµ57à
dλ = |SV−|x ρ(r)
x−1
n/2−1 dvol
8æµß7à8ñ#ô@æµ57à + Ł576öÛŁ6
‖V−σ‖x
Lx(E,ρ(r)
x−1
n/2−1 dvol)
≤ ‖σ‖x−2L∞(E)
∫
M
|σ|2 |V−|x ρ(r)
x−1
n/2−1 dvol.
$5ﬀ852#Łñ8
‖σ‖
2
2x−n
L∞(E) ≤ C(n, s, x) ‖SV−‖
s
n−2s
Ls(E,ρ(r)
s−1
n/2−1 dvol)
‖σ‖
2
2x−n
L2(E,λ)
,
à#ŁßﬁŁß853êÛã%+,852ô@æèÛ5Û K 9æ  8Eàæµã7à0ûO89à#uµ98ﬂõﬁ8 L2(E, λ) F<D D
 
ò]æµãﬁñ#5ﬁŁ
dimK ≤ k λ(M)
(
max
s∈SK
‖s‖L∞(E,λ)
)2
≤ k ‖SV−‖x
Lx(E,ρ(r)
x−1
n/2−1 dvol)
C(n, s, x)2x−n ‖SV−‖
s(2x−n)
n−2s
Ls(E,ρ(r)
s−1
n/2−1 dvol)
.

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n  gez|t qz|t/s'{  ;~x{}yl²wEsn
      	    *   ﬀ
L
2 
æµ#ñ8ﬂ6#ã7õﬁ8&õﬁ89àæµ|6ñ²8ãﬁñàõﬁ8ó
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n
ô@6ñ#Ł u8ﬂﬁñ89à²êÛã78ﬂuñ#æµãﬁ
|d |W ||2 ≤ n− 1
n+ 1
|∇W |2 .
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∆ |W |γ ≤ c(n)γ |W |γ+1 ,
 ô@89
γ := n−3n−1
Dﬁ/538/1|8785257æµ²5rñ8#Łßæµ5 n−1
n+1 =
1
2−γ
uæµ52F8ãﬁ69ñ#Łñ8
∆ |W |γ = γ |W |γ−1 ∆ |W |+ γ(1− γ) |W |γ−2 |d |W ||2
= γ |W |γ−2
(
1
2
∆ |W |2 + |d |W ||2
)
+ γ(1− γ) |W |γ−2 |d |W ||2
= γ |W |γ−2
(
(W,∆W )− |∇W |2
)
+ γ(2 − γ) |W |γ−2 |d |W ||2
≤ c(n)γ |W |γ+1 − γ |W |γ−2 |∇W |2 + γ |W |γ−2 |∇W |2
= c(n)γ |W |γ+1 .
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k ≥ γ ﬁæµ5ﬀF8ãﬁ69ñ#Łñ8 k = γl  l ≥ 1 7õﬁ8ﬂà²æµñ#8&êÛã%+,æµ5.
∆ |W |k = ∆(|W |γ)l
= l(|W |γ)l−1∆(|W |γ)− l(l − 1)(|W |γ)l−2 |d(|W |γ)|2
≤ l(|W |γ)l−1c(n)γ |W |γ+1
= kc(n) |W |k+1 .
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k ≥ γ = n−3n−1
ﬁæµ5ﬀ2:
∆ |W |k ≤ c(n)k |W |k+1 . å]<D <>=@ë
8#8Ł576öÛŁ6ó6²5Û6²ßﬁŁß8ﬁæµ5ﬃF8ãﬁﬁñæµãﬁô@8ñ57æ>à}ñ69àãﬁ²à Dﬁ 752õﬁ8 oŁß8ã¢8 ﬁñ#Ł 8ñ
57æ>à#é769æµñﬃﬀ89àõﬁ8ﬂà8ãﬁŁ ﬁ57æµã7ààæµãﬁéuŁæµ57àŁ5#ñæõãﬁŁñ8Eõﬁ8ãﬃŁ5ôµñ#Ł5à D
?

ý;7ð©%¨)©3<D

D
    ¹°  ¾>«Ø¹]¾µ°u±  F³Û·³µ¸¯   ³>´« ·®´«#¯Ù  ´°F¯  ¾>«Ø¹ ¬±O¬}«®¹ ¯®¼¾µ°7°7¹ ¯®°7°F¯ ³µ¼
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Mn
¯Ø­®±}ÙÛ¬ °7¹F¶¾µ«
SC(M) := inf
o∈M
[
So(M)
(∫
M
|Rm|n2 ρo(ro)dvol
) 2
n
]
,
³
Rm
¯®­®±	¸ß¯E±O¯®°ﬁ­ ¯®´«;ÙÛ¯ì¹ ¯®¼¾µ°7° ﬁ 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HC(M) := inf
o∈M
[
Ho(M)
2 sup
M
(|Rm| r2o)
]
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(n) = 4nc(n)
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2− 4n
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n ≥ 4 ¯±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(n,C, ν) > 0
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±O¯)¾µ«Ø¹ ¬±O¬o«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ³µ¼¶l¸ 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∀t ≥ s > 0, volB(o, t)
volB(o, s)
≥ C
(
t
s
)ν
¾µ¹°ﬁ­®¹/»9´ﬁ¯ ∫
M
|W |n2 ρo(ro)dvol < (n,C, ν)
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n ≥ 4  ¹¸|¯øµ¹­±O¯ (n) > 0
±O¯®¸|»´7¯± ³µ´±O¯  ¾µ«®¹]¬±O¬«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ²³µ¼¶l¸ 9±O¯ ³µ°7°|¯#øÛ¯ì¹ ¹¶F¸ ¾>±O¯
Mn
¬«Ø¹ ¾µ°u± HC(M) <
(n)
¯Ø­®±}¯®° ¾>¹±F¶F¸ ¾>±O¯ ﬁ
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çæ>àæµ57à
(n) = c(n)−1(n+2)−3
8	²é7æµŁßà#Łßààæµ57à	ãﬁ5oFæµŁ5
o
87êã78
Ho(M)
2 supM (|W | r2o) <
(n)
DÛ$5;57æµ8ñ²
H = Ho(M)

K = supM (|W | r2o)
8
k = n+24
åÚ98õﬁ8ñ#5ﬁŁß8ñ	é7æµŁ oà +,69Łñ8ñ²
& 75Ôõﬁ8ﬂﬁñ8ãﬁô@8ë®Dæµã7à9æµ57à#Łßõﬁ6ñæµ57àFæµãﬁñ
R
ö>ñ²57õ#ãﬁ578ò]æµ57#Łßæµ5½Łßà²à8
χ
6öÛß8?
1
à#ãﬁñ
B(R)
75Ûãﬁß8rà#ãﬁñ
M\B(2R) Fﬁñ857õ.à89àô>ß8ãﬁñàõ757à [0, 1] 8ô@6ñ#Ł u8 |dχ| ≤ 2R
Dl	+ Ł576öÛŁ6
õﬁ8&!ñõèﬃõﬁæµ5ﬁ578 ∫
M
χ2 |W |2k r−1 ≤ H
∫
M
∣∣∣d(χ2 |W |2k)∣∣∣ .
$5ﬃ|8ãﬁ ½7#æµñ8ñ}ß8 8óßﬁñ8&õﬁ8õñæµŁ8,E + Łßõﬁ8õﬁ8 + Ł576öÛŁ6#ñ#Ł5ﬁö>ãﬁŁñ8&8õﬁ8 + Ł576öÛŁ6
õﬁ8E}ã7²éÛèû(
é ñ=< :
∫
M
∣∣∣d(χ2 |W |2k)∣∣∣ ≤ 2 ∫
M
χ |dχ| |W |2k
+ 2
(∫
M
χ2 |W |2k r−1
)1/2 (∫
M
χ2
∣∣∣d(|W |k)∣∣∣2 r)1/2 .
çæ>àæµ57à
k′ := k − 1/4 Duçæµãﬁñﬁñ6uñ8ñãﬁ578&Ł56ö>ñ²#Łßæµ53uñuñ##Łß89à7æµ5ﬀ#ã78Eãﬀﬁñ6 ßﬁß8&ß8
ò µ8ãﬁñ
r
õ757àoõﬁ8ñ#5ﬁŁﬁﬀñ8ﬂŁ56ö>ñ²ß8½:
∫
M
χ2
∣∣∣d(|W |k)∣∣∣2 r = (k/k′)2 ∫
M
χ2
∣∣∣d(|W |k′)∣∣∣2 |W |1/2 r ≤ k2K1/2 ∫
M
χ2
∣∣∣d(|W |k′)∣∣∣2 .
$5 |8ãﬁ69ñ#Łñ8
∫
M
χ2
∣∣∣d(|W |k′)∣∣∣2 = ∫
M
∣∣∣d(χ |W |k′)− |W |k′ dχ∣∣∣2
≤ 2
∫
M
∣∣∣d(χ |W |k′)∣∣∣2 + 2∫
M
|W |2k′ |dχ|2 .
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∫
M
χ2
∣∣∣d(|W |k′)∣∣∣2 ≤ 2∫
M
χ2 |W |k′ ∆ |W |k′ + 4
∫
M
|W |2k′ |dχ|2
≤ 2k′c(n)
∫
M
χ2 |W |2k′+1 + 4
∫
M
|W |2k′ |dχ|2
≤ 2kc(n)
√
K
∫
M
χ2 |W |2k r−1 + 4
∫
M
|W |2k−1/2 |dχ|2 .
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∫
M
χ2 |W |2k r−1 ≤ 2H
∫
M
χ |dχ| |W |2k
+
√
8H2Kc(n)k3
∫
M
χ2 |W |2k r−1
+ 4HK1/4k
(∫
M
χ2 |W |2k r−1
)1/2 (∫
M
|W |2k−1/2 |dχ|2
)1/2
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1−
√
8H2Kc(n)k3
) ∫
B(R)
|W |2k r−1
≤ 4H
R
∫
M
|W |2k + 8HK
1/4k
R
(∫
M
|W |2k r−1
)1/2 (∫
M
|W |2k−1/2
)1/2
.
ﬁF8ßæµ57à	êã78
W
õﬁ69ñæ-:ß85
r−2
8êã78}ﬂñæµŁßàà²5798õãô@æµã 889à#ã½ﬁã7à	8ã7ŁßõŁß85ﬁ578ó:
57æµ#ñ8Ôé7æµŁ Qõﬁ8
k
µàà#ãﬁñ8oêã78oß89àﬂŁ56ö>ñ²ß89àEõã 8óßﬁñ8¢õﬁ8õñæµŁ8àæµ5,75ﬁŁß89à D%	5Mò]ŁßàØ5Û
857õñ8
R
ô@8ñà + Ł575ﬁŁ 7æµ53ñ#ñ#Łô@8 
W = 0
D

á¨âu¨¥Û¥@)â <D

D

 ª³µ´«Ô± ³µ´±&¯®°u±Ú¹ ¯®«
n ≥ 4 ¯±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∀t ≥ s > 0, volB(o, t)
volB(o, s)
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s
)ν
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¾µ¹°ﬁ­®¹/»9´ﬁ¯
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(|W | r2o) < (n,C, ν).
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≥ Co
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n
2 (ρo(ro)dvol)
ﬁ

¸³µ«Ø­E³µ°Q¾½¸ ¯Ø­ 
±Ú¹¼½¬¯ |W | = o(r−2o )
ﬁ
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Łæµ5 à#ãﬁﬁFæ>à²8½êã78
W
89à#E9æ ouñ²ßﬁß8 2ãﬁ578½ﬁãﬁŁßàà²5798¢õﬁ8ﬃò]æµ57#Łßæµ5
õŁßà#²5798
r−σo
 + éè|æµ#é!ﬀ9à8
∫
M |W |
n
2 ρo(ro)dvol < +∞ 89à#69êãﬁŁôµß858, σ > 2 :ß8ß8 8
#ñ²57à0ò]æµñ8rõﬁæµ57& +,89à##Ł 698EŁ5Û6ö>ñ²ß8;85ﬀ +,89à#Ł 698ó|æµ57#ã78ß8Eêã%+,æµ5ﬀ|8ãﬁﬁñ#Łßæµñ#Ł89àF6ñ8ñ D
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ãﬁ578o 6Łßæµñ²#Łßæµ5Xãﬁæ ½#ŁßêÛã78;õﬁ8;98#8E89à#Ł 698¢:F>+,89à#
ãﬁ578ﬂ57æµãﬁô@8ß8 ½5ﬁŁ òÚ89à#²#Łßæµ5.õﬁ8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(∆ − c(n) |W |) |W | ≤ 0 æµ5Xô@8ãﬁoﬁﬁŁßêã78ñEß8½ß8 8¢<D D + 2 +,æµ|6ñ²8ãﬁñ ∆ −
c(n) |W | D7-bŁßà989Ł)5769989àà#Ł8ﬂãﬁ578&89à#Ł 698óà#ãﬁñß8&Fæµ85#Łß8 DF$5 |æ>à8 x = n22(n−2)
7õﬁ8&àæµñ#8
êã%+,85Euñ##ŁßãﬁŁß8ñ
x−n/2 = nn−2
Dç)æµãﬁñ
R
ö>ñ²57õ# ß8ß8 8<D D <;å]9ô@89
m = n/2
ë%Ł oﬁŁßêã78:
(∫
M\B(R)
|W |x dµρ
) 1
x−n/2
≤ C
R2
∫
A(R/2,R)
|W |n2 dvol.
æ  8
ρ(R)
∫
A(R/2,R) |W |
n
2 dvol
89à#ãﬁ5ﬁŁ ò]æµñ685Û ½70æµñ6ﬁŁCôŁß85 +,89à##Ł 698&à#ãﬁŁô>5Û8½:
(∫
A(R,2R)
|W |x ρ(r) x−1n/2−1 dvol
) 1
x−n/2
≤ CR−2ρ(R)−1+
x−1
n/2−1
+ 2n−2
x−n/2
= CR−2ρ(R)
2
n−2 .
89Ł)ãﬁæµñ#Łßà²8ﬂ + ã7à²ö@8&õã2ß8 8r<D D +Ô9ô@89
m = n/2
:
sup
S(R)
|W | ≤ Cρ(R) 2n−2R−2
(∫
A(R/2,5R/2)
|W |n/2 dµρ
) 2
n
≤ CR−2
(∫
A(R/2,5R/2)
|W |n/2 ρ(r)dvol
) 2
n
.
/9æ  8ﬂõﬁ8ñ#5ﬁŁﬁﬀñ8Ł5Û6ö>ñ²ß8857õô@8ñà < 6ñæóêãu57õ
R
857õô@8ñà + Ł575ﬁŁ @ß8ñ69à#ãﬁ²à#ãﬁŁ D
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 /³>°ﬁ­Ø¹]ÙÛ¬®«#³µ°ﬁ­´°|¯# ¾µ«®¹ ¬±O¬
«®¹]¯¼o¾>°7°7¹ ¯®°7°F¯ ³>¼¶F¸ ±O¯ ³µ°u°F¯#øÛ¯Eì¹ ¹C¶l¸¾>±O¯
Mn 
¾¯
n ≥ 4 ﬁ u´¶@¶³µ­³µ°ﬁ­o»´ ¹¸/¯øµ¹­±O¯r´°
¶³>¹§°u±
o
ÙÛ¯
M
¯±}ÙÛ¯Ø­ﬂ«¬¯®¸º­
ν > 2
¯9±
Co > 0
±O¯®¸º­E»´7¯
∀t ≥ s > 0, volB(o, t)
volB(o, s)
≥ Co
(
t
s
)ν
¯±­®´ ¶@¶ﬁ³­³µ°7­E»´ﬁ¯;¸¯E±O¯®°ﬁ­ ¯®´«rÙÛ¯ ³>´« ·®´«#¯½¾Ø¶@¶¾µ«±Ú¹ ¯®°7°F¯
L
n
2 (ρo(ro)dvol)
ﬁ

¸³µ«Ø­E³µ°Q¾½¸ ¯Ø­ 
±Ú¹¼½¬¯
|W | = O(r−bo )
¶³µ´«
b = 2
¯9±|¶³µ´«E± ³>´±
b <
ν − 2
γ
=
(ν − 2)(n− 1)
n− 3 .

= 
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çæ>àæµ57à
w = |W |γ 8 b0 = sup
{
b > 0 /w = O
([
r2/V (r)
]b)} D$5àØŁuñ¢<D  D XêÛã78
w = O(r−2γ) 9æ  8 V (r) ≤ ωnrn åÚBŁßà#é7æµlë/}98 Ł oﬁŁßêã78 w = O(V (r)−2γ/n) =
O([r2/V (r)]2γ/n) Cõﬁ8Ôàæµñ#8¢êÛã78 b0 89à#Eà#ñ#Łß885Û;Fæ>àŁ#Ł ò0D
ãﬁﬁFæ>àæµ57à b0 < 1 D)ßæµñàræµ5
|8ãﬁé7æµŁßàŁñ
b1 > 0
8
m > 0
Fæµãﬁñêã78
m >
n
b1(n− 2) >
n
b0(n− 2) >
n
n− 2 .
? 
ç/ãﬁŁßà²êÛã78
b1 < b0

w = O
([
r2/V (r)
]b1) ﬁõﬁæµ57ﬂ|æµãﬁñæµãﬁ R > 0 
∫
A(R,2R)
|w|m dµρ ≤ C
[
R2/V (R)
]mb1 ρ(R)− 2n−2V (R)
= C
[
R2/V (R)
]mb1− nn−2
≤ CR−(ν−2)(mb1− nn−2 ).
89ŁFŁ oﬁŁßêÛã78
∫
M |w|m dµρ < +∞
Dæ  8æµ52ﬂﬁñ89à²êÛã78uñ#æµãﬁ
(∆− γc(n) |W |)w ≤ 0 
æµ5_Ł 8ñ²ŁﬁﬁŁßêÛã78ñ;ß8Ôß8 8¢<D D  ﬀ2ò]æµ57#Łßæµ5
w
)êãﬁŁ5%+,89à ½é78ãﬁñ8ã7à885ouµà
ßæ ß885ÛoŁ7à²éﬁŁ=<@D/ç)æµãﬁño9æµ5æµãﬁñ#578ñ98#8ÔõŁ %½ãﬁ6/æµ5 9æµ57à#Łßõ9ﬀñ8
u :=
√
|W |2 +  
 > 0
Du 5  ßãﬁCõŁñ89õﬁæµ5ﬁ578ﬂﬁñ89àêã78ﬂuñ#æµãﬁó:
uγ ∆u
γ
 = γu
2γ−2

(
|W |∆ |W | − u−2 |d |W ||2
)
+ γ(1− γ)u2γ−4 |W |2 |d |W ||2
≤ γu2γ−2
(
|W |∆ |W |+ (1− γ) |d |W ||2
)
.
/5ãﬁ#ŁŁßà²5Û¢ + Ł576öÛŁ6bõﬁ8 &æXñ²	%5769839æ  8.õ757à½Mﬁñ8ãﬁô@83õﬁ8 å]<D <>=@ë/æµ5iæµßﬁ#Łß85Û
åuñ#æµãﬁØë&:
uγ ∆u
γ
 ≤ γu2γ (W,∆W ).
æ  8¢õ757àó ﬁñ8ãﬁô@8Ôõﬁ8.å]<D D
ë/)85Xò]ŁßàØ5Ûó857õñ8

ô@8ñà@< 6ñæ9Cæµ5duñ#ôŁß85 26²ßﬁŁñ
Ôﬁñ8oŁﬁﬀñ8;Ł576öÛŁ6oõ757àÔﬁñ8ãﬁô@8oõãbß8 8<D D Må
m > nn−2
ë®Dl	5 75bõﬁ8;9æ oﬁ8æµ5
ñ#ñ#Łô@8  : ∫
M\B(R)
|w|m dµρ = O(R−a),
|æµãﬁñ}ãﬁ5Ô57æ Eßﬁñ8
a > 0
êÛãﬁŁ89à#Ł57õﬁ6|857õ75Ûõã2é7æµŁ ﬃõﬁ8
m
õ757àãﬁ5ﬃô@æµŁßà#Ł5uö@8õﬁ8 n
b0(n−2)
D

Ł ½Ł5Û85u5Ôæµ5hﬁﬁŁßêã78ﬃß8Ôß8 82<D D +M|æµãﬁño98
m
åÚõﬁ8¢57æµãﬁô@8 ãŁò]ãﬁµõ7ﬁ8ño
ﬁñ8ãﬁô@8ﬂ|æµãﬁñ9æµ5Ûæµãﬁñ#578ñß8ò]Łêã78
w
5%+,89à#uµàßæ ß885Û%Ł7àéﬁŁ=< ë/læµ5¢#ñæµãﬁô@8&Fæµãﬁñ
R
ö>ñ²57õQ:
sup
S(R)
w ≤ C
(
ρ(R)
2
n−2R−2
) n
2m
R−a/m
= C
[
R2/V (R)
] n
m(n−2) R−a/m
≤ C [R2/V (R)] nm(n−2) + anm ,
æ)(eæµ5eﬀãﬁ#ŁŁßà6ÔﬀñæµŁßà²à²5798Ôà²æµã7à0ûO8ã7ŁßõŁß85ﬁ5782õãdô@æµã 8>D	"ãu57õ
m
857õdô@8ñà n
b0(n−2)

 +,8 Fæ>àØ5Û857õﬃô@8ñà
bo +
bo(n−2)a
n2
:ﬁà#Łæµ52é7æµŁßà#Ł
m
µàà8 <ﬂﬁñﬃﬀ9àõﬁ8 n
b0(n−2)
æµ5 æµßﬁ#Łß85Ûãﬁ578
9æµ5#ñ²µõŁß#Łßæµ5 Ô¢õﬁ6/75ﬁŁ#Łßæµ5Xõﬁ8
bo
D|æµ57
bo
ôµãﬁ&ã æµŁ57à
1
89ô@89; oŁ57æµñ²#Łßæµ5Xõã
ô@æµã 8læµ5ﬀrﬁñæµãﬁô@6&ß8ñ69à#ãﬁ² D


=
á¨âu¨¥Û¥@)â Q<D

D

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 ó¨¤7¨)¥¨  Qð§©C§   F³>¹±
Mn  n ≥ 4  ´°F¯  ¾µ«®¹ ¬±O¬E«Ø¹ ¯®¼¾µ°7°u¹]¯®°u°F¯
³>¼¶F¸ ±O¯ ²³µ°7°F¯#ø¯ﬂì¹ ¹¶l¸ ¾@±O¯

¬®«®¹ ¾µ°u±%¶³µ´«&´°Ô¶³>¹§°u±
o
¯±}ÙÛ¯Ø­&«¬¯®¸º­
ν > 4n−2n−1
 Co > 0

∀t ≥ s > 0, volB(o, t)
volB(o, s)
≥ Co
(
t
s
)ν
.
u¹ÙÛ¯¶l¸ ´Û­;¸¯½±O¯®°ﬁ­ ¯®´«½ÙÛ¯ ³>´« ·®´«#¯ﬃ¾Ø¶Û¶¾µ«±Ú¹]¯®°l± 
L
n
2 (M,ρo(ro)dvol)

¾µ¸³µ«²­
M
¯Ø­®±Ù¯±ÚÝØ¶ﬁ¯
± ³Ø¶ﬁ³µ¸ ³ µ¹Ú»9´ﬁ¯ °7¹

¹ ﬁ§¯ ﬁ 	³µ¼½¬#³µ¼³µ«O¶ 	¯½¸  ¹°u±O¬®«®¹]¯®´«EÙ ´°F¯ ¾µ«Ø¹ ¬±O¬ ³>¼¶ﬁ¾ 9±O¯2·#³µ«#Ùﬂﬁ
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Dä?¢õﬁæµ5ﬁ578oãﬁ578oõﬁ69ñæµŁßàà²5798½à#ãﬁñêÛãuµõñ²#Łßêã78õﬁ8;ﬃ9æµãﬁñ#ßﬁãﬁñ8õﬁ8oà²æµñ#8oêÛã78
ﬃ,)
* ﬃ,<	 Cà + ﬁﬁŁßêÛã785 D

$52|8ãﬁà8ﬂõﬁ8½57õﬁ8ñàŁFß8²ã2õﬁ8ﬂõﬁ69ñæµŁßàà²5798&Ł oŁ8ﬂõ757à<D

Dä?r89à#85ﬃò Ł#8Ł5Û D
/5 ò]Łﬁ>+,89à#ôñ²Ł D
 óC7¨)âF b<D

D 

ý;7¦|âu¨§¡ ¡9)©%¦| Qú) b¥>h¦|¨)%â F%â 

   /³>°ﬁ­Ø¹]ÙÛ¬®«#³µ°ﬁ­´°|¯# ¾µ«®¹ ¬±O¬
«®¹]¯¼o¾>°7°7¹ ¯®°7°F¯ ³>¼¶F¸ ±O¯ ³µ°u°F¯#øÛ¯Eì¹ ¹C¶l¸¾>±O¯
Mn 
¾¯
n ≥ 4 ﬁ u´¶@¶³µ­³µ°ﬁ­o»´ ¹¸/¯øµ¹­±O¯r´°
¶³>¹§°u±
o
ÙÛ¯
M
¯±}ÙÛ¯Ø­ﬂ«¬¯®¸º­
ν > 4n−2n−1
¯±
Co > 0
±O¯®¸ä­E»9´ﬁ¯
∀t ≥ s > 0, volB(o, t)
volB(o, s)
≥ Co
(
t
s
)ν
¯±­®´ ¶@¶ﬁ³­³µ°7­E»´ﬁ¯;¸¯E±O¯®°ﬁ­ ¯®´«rÙÛ¯ ³>´« ·®´«#¯½¾Ø¶@¶¾µ«±Ú¹ ¯®°7°F¯
L
n
2 (ρo(ro)dvol)
ﬁ

¸³µ«Ø­E³µ°Q¾½¸ ¯Ø­ 
±Ú¹¼½¬¯
|W | = O(r−
(ν−2)(n−1)
n−3
o ).
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ﬂ57à ﬃä*ãﬁñ ﬁ-dDu*ãﬁñàﬃ3èﬃ6#ã7õŁß8ﬂ +,æµ|6ñ²8ãﬁñö@69æ 6#ñ#ŁßêÛã78Eà#ãﬁŁô>5Ûó:
Lg := ∆g +
n− 2
4(n− 1) Scalg −γc(n) |W |g .
8æµ|6ñ²8ãﬁñ89à#9æµ5ò]æµñ685Û9æ ô>ñ#Ł5Ûr:ﬁà#Ł
φ
89à#ãﬁ578ò]æµ57#Łßæµ5ﬀŁßàà88|æ>à#Ł#Łô@87æµ5ﬀ
L
φ
4
n−2 g
= φ−
n+2
n−2Lg(φ.).
å]<D <&
ë
æµã7àﬃô@æµãﬁßæµ57à2ãﬁ#ŁŁßà8ñ298#8bﬁñæµﬁñ#Łß66M|æµãﬁñﬃ#ñæµãﬁô@8ñ õ757àﬃdµà²à8b9æµ5òÚæµñ8Mõﬁ8b57æµ#ñ8
6#ñ#Łßêã78EŁß9Ł)ﬁ8
g
ãﬁ578ó57æµãﬁô@8ß8 6#ñ#Łßêã78
g˜
Fæµãﬁñµêã78ß8Eæµ5Mãﬁñ²Łãbõﬁ8é7æµñàõ+ ãﬁ5
9æ ouµr:
Lg˜ = ∆g˜,
Ł D,8>D
n− 2
4(n− 1) Scalg˜−γc(n) |W |g˜ = 0.
é78ñ²é7æµ57à
g˜
à²æµã7à&òÚæµñ8
g˜ = (1+u)
4
n−2 g
æ)(
u
89à#ãﬁ578ò]æµ57#Łßæµ5ÔŁßà²à8 óõﬁ68ñoŁ578ñ Dﬁ/5
ﬁﬁŁßêãu5Û;å]<D <&
ë ;Eò]æµ57#Łßæµ5ﬀ9æµ57à#²5Û8 
1
7æµ5 #ñæµãﬁô@8
Lg˜(1) = L
(1+u)
4
n−2 g
(1) = (1 + u)−
n+2
n−2Lg(1 + u),



õﬁ8&à²æµñ#8ﬂêÛã%+  ô@89
Scalg = 0
ﬁŁCôŁß85
n− 2
4(n− 1) Scalg˜−γc(n) |W |g˜ = (1 + u)
−n+2
n−2 (∆gu− γc(n) |W |g)(1 + u).
æµã7àõﬁ8ô@æµ57àõﬁæµ57&ñ69àæµã7õñ8
∆gu− γc(n) |W |g u = γc(n) |W |g .
å]<D <><@ë
/5Xò]ŁCæµ5Qôµ2ñ69àæµã7õñ898#8½69êãu#Łßæµ5dàãﬁñ
M\Bg(o,R) CFæµãﬁñóãﬁ5 R µàà8 <½ö>ñ²57õDCæµã7à
ô@æµãﬁßæµ57à/ﬁﬁŁßêã78ñß8#é769æµñﬃﬀ8}õ+ Ł5Ûô@8ñà#Łßæµ5<D D  
∆g−γc(n) |W |g
D+ éÛèFæµ#é!ﬀ9à8
ν > 4n−2n−1
µààãﬁñ8 ν−2
γ > 2
:7ß8&#é769æµñﬃﬀ8o<D

Dä?½õﬁæµ5ﬁ578 |W | = O(r−b) Fæµãﬁñãﬁ5 b > 2 DF/5.uñ##ŁßãﬁŁß8ñ
 ô@89ﬂ;ß|æµñ#578&8ã7ŁßõŁß85ﬁ578óà#ãﬁñß8ô@æµã 8¢åÚBŁßà#é7æµlë/7æµ5 æµßﬁ#Łß85ÛFæµãﬁñ
δ > 0
|8#Łó:
∫
M
|W |n/2±δ ρ(r)
n/2±δ−1
n/2−1 dvol <∞.
/53é7æµŁßà#ŁßààØ5Û
R
µàà8 <ﬂö>ñ²57õ#læµ52F8ãﬁöÛñ²5Û#Łñ
So(M)
(∫
M\Bg(o,R)
|W |n/2±δ ρ(r)
n/2±δ−1
n/2−1 dvol
) 1
n/2±δ
< η(n/2, n/2 − δ, n/2 + δ).
Ł57à#Ł %<D D ¢ò]æµãﬁñ#5ﬁŁﬂãﬁ578àæµãﬁ#Łßæµ5Qß|æµñ#57698
u
õﬁ8ﬀå]<D <><@ëﬂà#ãﬁñ
M\Bg(o,R) %8ó85Mﬁñ85u5Û R
8579æµñ8oﬁã7à&ö>ñ²57õQà#Ł/5769989àà²Łñ8æµ5XF8ãﬁ  ﬂ8àãﬁﬁFæ>à8ñ ‖u‖L∞ < 1
DC"ãﬁŁ#8ﬃ6857õñ8
u

M
õﬁ8¢ò   9æµ5h9æµ5Ûô@85ußﬁß8æµ5hæµßﬁ#Łß85½ãﬁ578 6#ñ#Łßêã78
g˜
êãﬁŁ89à#o9æµ5òÚæµñ685Ôêãuµà#Ł û
Łßàæ 6#ñ#Łßêã78 
g
8óõﬁæµ5ÛE +,æµF6ñ²8ãﬁñrõﬁ8Ô*ãﬁñà=3Łà8;ñ69õãﬁŁ;ãQﬁµŁß85dõﬁ8½B8#ñ² oŁé7æµñà
õ+ ãﬁ5'9æ ouµ Dçñ2ñ6ö>ãﬁñ#Ł6M8Łﬁ#ŁßêÛã78
u
89à#
C2
åß89àﬃ9æ8*%½Łß85Ûà õﬁ8. +,69êãu#Łßæµ5 àæµ5Û
Ł7à²éﬁŁ=< ë898;57æµã7àà#ã&%ñ²D
	57à#ãﬁŁ8uæµ5 æµß7à8ñ#ô@8óêÛã78oæ)( |Wg|g
89à#à##ñ#Łß885|æ>à#Ł#Ł ò  |Wg|γg
89à#Łßàà8ﬂ8
Lg |Wg|γg = ∆g |Wg|γg − γc(n) |W |g |Wg|γg ≤ 0,
à#ŁßﬁŁß853êÛã%+  ô@89½å]<D <&
ë/uæµ5ﬀ
Lg˜((1 + u)
−1 |Wg|γg) ≤ 0,
98&êãﬁŁ%à#Łö>5ﬁŁ u8
∆g˜((1 + u)
−1 |Wg|γg ) ≤ 0
ãﬀõﬁ8é7æµñàõ+ ãﬁ5ﬀ9æ ouµ D
$ñ}ﬁãﬁŁßà²êÛã78
(M, g˜)
89àﬃêãuµà#Ł û Łßàæ 6#ñ#Łßêã78 
(M, g)

(M, g˜)
ô@6ñ#Ł u8be9æµ57õŁ#Łßæµ5 õﬁ8
õﬁæµãﬁßﬁß885Ôõã_ô@æµã 8ﬀŁ57à#Łêã78¢ + Ł576öÛŁ6ﬀõﬁ82çæµŁ57 ñ6 . +,69é78ß8>D}$ñ989à;ﬁñæµﬁñ#Łß669à
åÚ857à8Eßﬁß8ë	à²æµ5Û69êãﬁŁô>ß85Û89à' +,89à##Ł 698àãﬁŁôµ58à#ãﬁñ	ß857æ èÛãﬃõﬁ8ﬂéuß8ãﬁñ
p.(., .)
:>|æµãﬁñ
x

y
õ757à
M
ﬁ8|æµãﬁñ
t > 0

c
V (x,
√
t)
exp
(
−Cd(x, y)
2
t
)
≤ pt(x, y) ≤ C
V (x,
√
t)
exp
(
−cd(x, y)
2
t
)

<
åÚ®ò#D ﬃä
ﬁ   ﬃä*ñ#Łö  ë®Dæ  8rŁè3½ãﬁ578;9æµ57à#²5Û8
A˜o
8ß8;êÛã78r|æµãﬁñæµãﬁ
t ≥ 1  Vg˜(o, t) ≥
A˜ot
ν 79ô@89 ν > 2
7989Ł85Û#ñ²7:ß578ó +,8 Łßà#85798Eõ+ ãﬁ578ﬂò]æµ57#Łßæµ53õﬁ8E*ñ8985ﬀà##ñ#Łß885Û|æ>à#Ł#Łô@8
G(., .)
: >+,89à#)àŁ oﬁß885Û
∫∞
0 pt(., .)dt
å'ﬃ, ># ë®D  + Łßõﬁ8õﬁ898#8/ò]æµñóãﬁß88)õﬁ8/ ½70æµñ²#Łßæµ5
õã¢57æ èÛã2õﬁ8Eéuß8ãﬁñæµ5ﬃæµßﬁ#Łß85Û
G(o, x) = O(ro(x)2−ν) êãu57õ ro(x) 857õÔô@8ñà + Ł575ﬁŁ D
%8&ﬁñ#Ł57ŁF8&õã ½ Ł Eã  µàà#ãﬁñ8&êã78|æµãﬁñæµãﬁFæµŁ5
x
õﬁ8
M\Bg(o,R) F9ô@89 R ö>ñ²57õQ:
(1 + u)−1 |Wg|γg (x) ≤
maxS(o,R)(1 + u)
−1 |Wg|γg
minS(o,R) G(o, .)
G(o, x).
$5ﬀ852#Łñ8
sup
S(o,R)
|W | = O(R 2−νγ ) D 
	
½<D

D < u"ãu57õ
ν = n = 4
|æµ5Mæµßﬁ#Łß85Ûﬂ  ﬂ8oõﬁ69ñæµŁßàà²5798;êã78rõ757àﬃ,B
ﬂ OD
/ 6#ñ#ŁßêÛã78Eõ+,/ö>ã7éﬁŁ ûO!57àæµ5 æµ5#ñ8óêã%+,8ß8&89à#æµﬁ#Ł ½ß8>D
	
<D

D  7æµ#ñ889à##Ł 698	89à#Cæµﬁ#Ł ½ß8FæµãﬁñC 6#ñ#ŁßêÛã78)ãﬁßûO d8%ß89à6#ñ#Łßêã789à
õﬁ8E
²é}ñ=< àéﬁŁßõ_åô@æµŁñß8ﬂ²éuﬁŁ#ñ8óõ+,8 ﬁ8oﬁß89àuãﬀõﬁ6ßﬁãﬁõﬁ8ﬂ98 6æµŁñ8ë®D
     ﬁ%  #   ﬂ1ﬂ , 
  ﬀ $ﬀﬃﬂ $% #  % ﬀﬃﬂ $ﬀ *,  	$#&! 	$#&ﬀ 
+,æµß08/õﬁ898uñ²ö>ñ²ﬁé7889à#õ+,æµßﬁ85ﬁŁñ/õﬁ8ß|æµ5ﬁ5789à89à##Ł 6989àà#ãﬁñß89àõﬁ6ñ#Łô@6989à/9æôµñ#Ł589à
õﬁ8r9æµãﬁñ#ßﬁãﬁñ8&õ+ ãﬁ578ôµñ#Łß66ﬂŁß9Ł û ﬁ8ﬂõﬁæµ5Ûr9æµãﬁñ#ßﬁãﬁñ8ﬂõﬁ69ñæ-:ß E + Ł575ﬁŁ Du89à89à##Ł 6989à
57æµã7àà8ñæµ5Û5769989à²à²Łñ89àﬁã7àßæµŁ5%D
 âu¨¤7¨)¡ ¨)©Q<D

D
 =  F³µ¹Ú±
Mn  n ≥ 4  ´°|¯  ¾>«Ø¹ ¬±O¬«®¹]¯®¼¾µ°u°7¹]¯°7°F¯ ³µ¼¶l¸ ±O¯}ì¹ ¹ﬁ¶l¸ ¾@±O¯
­9¾>±Ú¹­ ¾>¹­9¾µ°u±F¶³>´«&´°Ô¶³µ¹°u±
o
¸ ¹§°F¬ @¾µ¸ ¹±O¬rÙÛ¯rÙ@³µ´7·®¸ß¯®¼½¯®°u±¹° ¯®«Ø­9¯
∀t ≥ s > 0, volB(o, t)
volB(o, s)
≥ Co
(
t
s
)ν
¾µ¯
ν > 2
¯9±
Co > 0
ﬁ

¸³µ«Ø­ﬂ¸  ¯Ø­®±Ú¹¼¾>±Ú¹]³µ°.ÙÛ¯ó¸¾ ²³µ´ﬁ·´«¯
|W | = O(r−ao ),
¾µ¯
a ≥ 2  ¯°u±Ú«0¾ §°F¯  ¶³µ´«½± ³µ´±¯®°u±Ú¹ ¯®«o°l¾@±Ú´«¯®¸ i  ´°F¯¢¯Ø­®±Ú¹¼½¬¯­Ø´«o¸ ¾.ÙÛ¬®«®¹ ¬¯ ³¾µ«Ø¹]¾µ°u±O¯
Ù ³µ«#Ùµ«¯
i
 ∣∣∇iW ∣∣ ≤ Cir−a−io .

= 
6$
O
%89à#Ł o|æµñ#²5Ûõﬁ8&57æµ8ñêÛã78Eò]æµñóãﬁß8
∆W = W ∗W,
85#ñ²7:ß578&|æµãﬁñ85Û#Łß8ñ5u#ãﬁñ8
k
ﬃ,} :
∆∇kW =
k∑
i=0
∇iW ∗ ∇k−iW. å]<D <@ë


/5ﬀ57æµã7àﬁﬁãﬁèÛ5Ûà#ãﬁñ98#8&69êãu#Łßæµ5 æµ5Û#ñæµ57àuññ69ãﬁñ#ñ85798óàãﬁñ
i
ß89à89à##Ł ½#Łßæµ57à
∣∣∇iW ∣∣ ≤ Cir−a−io .
%8 µà
i = 0
89à#}9æµ5Û85ãﬀõ757à} + éÛèFæµ#é!ﬀ9à²8>Dﬁ
ãﬁﬁ|æ>àæµ57àõﬁæµ57 +,89à##Ł 6986²ßﬁŁß8|æµãﬁñ
i ≤ k 
 ô@89
k ≥ 0 D7çñrò]æµñóãﬁß8ó<D <7æµ5.
(∆−W∗)∇k+1W =
k∑
i=1
∇iW ∗ ∇k+1−iW.
çñéÛèFæµ#é!ﬀ9à²8õﬁ8ñ69ãﬁñ#ñ85798ß8 8óßﬁñ8ﬂõﬁ8õñæµŁ8ﬂ89à# ½70æµñ6uñ
Ck+1r
−2a−k−1
o
D	+,89à##Ł û
698½å]<D D @ëòÚæµãﬁñ#5ﬁŁõﬁæµ57½:
sup
A(R,2R)
∣∣∣∇k+1W ∣∣∣ ≤ Ck+1
volB(o,R)
1
2
∥∥∥∇k+1W∥∥∥
L2(A(R/2,5R/2))
+ Ck+1R
1−2a−k.
å]<D <!+ë

æµŁ
χ
ãﬁ578Ôò]æµ57#Łßæµ5_Łßàà8¢Fæ>àŁ#Łô@8ﬃôµ5
1
àãﬁñ
A(R/2, 5R/2)

0
à#ãﬁñ
A(R/3, 3R)c
8 
ö>ñ²µõŁß85ß|æµñ#576ﬂuñ
10/R
D|$5ﬀ
∫
A(R/2,5R/2)
∣∣∣∇k+1W ∣∣∣2 ≤ ∫
A(R/3,3R)
∣∣∣∇(χ∇kW)∣∣∣2
õ+,æ)(3ﬁñﬃﬀ9àŁ5Û6ö>ñ²#Łßæµ53uñuñ##Łß89àó:
∫
A(R/2,5R/2)
∣∣∣∇k+1W ∣∣∣2 ≤ ∫
A(R/3,3R)
|dχ|2
∣∣∣∇kW ∣∣∣2 + ∫
A(R/3,3R)
χ2(∇kW,∆∇kW ).
/5ﬀãﬁ#ŁŁßà²5Û;å]<D <@ë/7æµ5 æµßﬁ#Łß85Û ½70æµñ²#Łßæµ5
∫
A(R/2,5R/2)
∣∣∣∇k+1W ∣∣∣2 ≤ 100
R2
∫
A(R/3,3R)
∣∣∣∇kW ∣∣∣2
+ Ck+1
k∑
i=0
∫
A(R/3,3R)
∣∣∣∇kW ∣∣∣ ∣∣∇iW ∣∣ ∣∣∣∇k−iW ∣∣∣ .
	+ éè|æµ#é!ﬀ9à8Eõﬁ8ñ69ãﬁñ#ñ857987ö>ñµ98 
a ≥ 2 79æµ57õãﬁŁ?∫
A(R/2,5R/2)
∣∣∣∇k+1W ∣∣∣2 ≤ Ck+1 volB(o,R)(R−2−2a−2k +R−3a−2k)
≤ Ck+1 volB(o,R)R−2−2a−2k.
ﬂ57àóå]<D <!+ë/læµ52#ñæµãﬁô@8óŁ57à#Ł
sup
A(R/2,5R/2)
∣∣∣∇k+1W ∣∣∣ ≤ Ck+1 (R−1−a−k +R1−2a−k) ≤ Ck+1R−1−a−k,
õ+,æ)( ∣∣∣∇k+1W ∣∣∣ ≤ Ck+1r−a−(k+1)o .


+
á¨âu¨¥Û¥@)â e<D

D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  
   /³µ°7­Ø¹]ÙÛ¬®«#³µ°ﬁ­ó´°F¯¾
«®¹]¬9±O¬«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ²³µ¼¶l¸ 9±O¯ ³µ°7°|¯#øÛ¯ì¹ ¹ﬁ¶F¸ ¾>±O¯
Mn 
¾¯
n ≥ 4 ﬁ l´ ¶@¶ﬁ³­³µ°7­»´ ¹¸|¯#ø>¹­±O¯
´°¶ﬁ³µ¹§°l±
o
ÙÛ¯
M
¯±}ÙÛ¯Ø­&«¬¯®¸º­
ν > 2
¯±
Co > 0
±O¯®¸º­E»´7¯
∀t ≥ s > 0, volB(o, t)
volB(o, s)
≥ Co
(
t
s
)ν
¯±­®´ ¶@¶ﬁ³­³µ°7­E»´ﬁ¯;¸¯E±O¯®°ﬁ­ ¯®´«rÙÛ¯ ³>´« ·®´«#¯½¾Ø¶@¶¾µ«±Ú¹ ¯®°7°F¯
L
n
2 (ρo(ro)dvol)
ﬁ

¸³µ«Ø­E³µ°Q¾½¸ ¯Ø­ 
±Ú¹¼½¬¯
∀ k ∈ N,
∣∣∣∇kW ∣∣∣ = O (r−2−ko ) .
u¹Ù¯}¶F¸º´­ó³µ°b¾
ν > 4n−2n−1

¾µ¸³µ«Ø­
∀ k ∈ N,
∣∣∣∇kW ∣∣∣ = O(r− (ν−2)(n−1)n−3 −ko ) .
 
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æµ#ñ8Qæµß#89#Ł ò }ŁßŁ 89à õ+ ñ#ñ#Łô@8ñ e9æ oﬁñ857õñ8Q ö@69æ 6#ñ#Łß8  + Ł575ﬁŁóõﬁ8Q98ñ#²Ł57à
Ł57à#²5æµ57àö>ñ² ôŁ²#Łßæµ5ﬁ578ßà rô@æµã 8ﬂ57æµ5 ½ Ł ½ D
ﬂ57à2ãﬁ5 ﬁñ8oŁß8ñ 8o7à}57æµã7àﬃ57æµã7à2Ł5Û6ñ89àà²8ñæµ57à3ãµ98à ö@69æõﬁ69à#Łßêã789àﬃß89àﬃﬁã7à
9æµãﬁñ#à Dç8ãﬁ0ûO89à##Ł 8ñoß8ãﬁñ;ßæµ5ﬁö>ã78ãﬁñ 3æ EßﬁŁß85_èQ85h û 0û Ł}85eéuµêã78ﬃ|æµŁ5Û  "ã78ß8289à#
ß8ãﬁñé7æµßæµ57æ oŁß8ó89ŁF57æµã7àF8ñ8##ñ²Eõﬁ89æ oﬁñ857õñ8óö@69æ 6#ñ#Łß8ßæ ß8ﬁñﬃﬀ9àõﬁ8 + Ł575ﬁŁ 
õ757àß8ó µàæ)(3oñæµŁßàà²5798Eõã ô@æµã 8óõﬁ89àßFæµãﬁß89àõﬁ8&ñ²9è@æµ5
t
89à85
t3
õ757àãﬁ578óôµñ#Łß66
õﬁ8õŁ 857à#Łßæµ5
4
Dﬂ57àãﬁ5¢à899æµ57õÔ8o7à@57æµã7àãﬁ#ŁŁßà8ñæµ57à98#86#ã7õﬁ8|æµãﬁñ9æµ57à##ñ#ãﬁŁñ8ãﬁ578
7ßﬁñ²#Łßæµ5285ﬃ98ñß89àõ757à98 µà0ûOŁ D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w ∈ Bˆ(0, ρ)
/
∀ γ ∈ Γ(x, ρ′), d(0, γ(w)) ≥ d(0, w)
}
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Bˆ(0, ρ)
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ﬁñﬃﬀ9à F(x, ρ, ρ′) 9æµ5Û#Łß85Ûãﬁ5¢ãﬁ5ﬁŁßêã78ñ8ﬁñ69à85Û²5õﬁ8éuµêã78ﬂæµñ#ßﬁŁ8>D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τ
89à#ãﬁ5ﬀ6ß685õﬁ8
Γ(x, ρ′)
ﬁ +,857à²8óßﬁß8
Fτ (x, ρ, ρ′) :=
{
w ∈ Bˆ(0, ρ)
/
∀ γ ∈ Γτ (x, ρ′), d(0, γ(w)) ≥ d(0, w)
}
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Γτ (x, ρ
′)
85ﬁö@857õñ6uñ
τ
õ757à
Γ(x, ρ′)
ﬁàãﬁñ;ßFæµãﬁß8
Bˆ(0, ρ)
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2ρ ≤ ρ′ < pi4Λ

ßæµñà
volF(x, ρ, ρ′) = volB(x, ρ).
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ρ ≤ ρ′ < pi4Λ
ﬁ ° ³µ°ﬁ­®¹ÚÙ ®«#¯ó´°b¬®¸ß¬®¼½¯®°u±°l³µ°3±Ú«Ø¹  ¹]¾µ¸
τ
ÙÛ¯
Γ(x, ρ′)
¯±
³µ°.°l³>±O¯ Iτ (x, ρ) ¸  ¯®°ﬁ­ ¯®¼½·®¸¯rÙÛ¯®­}¶³µ¹°u±­ w ÙÛ¯ Bˆ(0, ρ) ±O¯¸ä­E»´7¯
gx (w, τ(0)) ≤ |τ(0)|
2
2
+
Λ2ρ2 |τ(0)|2
2
¯±
gx
(
w, τ−1(0)
) ≤ |τ(0)|2
2
+
Λ2ρ2 |τ(0)|2
2
.
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¸³µ«Ø­ Fτ (x, ρ, ρ′) ¯Ø­®±¹§° 9¸º´­EÙ@¾µ°ﬁ­ Iτ (x, ρ) ﬁ
 52õﬁ89àà#Ł5ﬃ8529æµãﬁF8oåÚà8ßæµ5ﬃß8ﬁ5ﬃ9æµ585u5Û
0

τ(0)
8
τ−1(0)
ëõﬁ8 Iτ (x, ρ) 89à#ò]æµãﬁñ#5ﬁŁ
uñ@7ö>ãﬁñ8 D +7D
0 τ(0)
τ−1(0)
Iτ (x, ρ)
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w
õﬁ8 Fτ (x, ρ, ρ′) |57æµæµ57à v = τ(0) 8 θ ∈ [0, pi]  + 5ﬁö>ß885#ñ8 v 8 w D
$5½àãﬁﬁFæ>à8õ+ ß|æµñõ
gx(w, v) > 0
>>+,89à0û  ûOõŁñ8
θ < pi/2
Dæ  8õﬁ8ão|æµŁ5Ûàêã78ß9æµ57êã789à
õﬁ8
Bˆ(0, ρ)
à²æµ5Ûñ8Łß69à½uñãﬁ5782ãﬁ5ﬁŁßêã782ö@69æõﬁ69àŁßêÛã78	êãﬁŁ89à#õﬁæµ57 oŁ5ﬁŁ oŁßà²5Û8æµ5h|8ãﬁ
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uæµ5ﬀ
cosh(Λd(v, w)) ≤ cosh(Λ |w|) cosh(Λ |v|)− sinh(Λ |w|) sinh(Λ |v|) cos θ.
/5ñ8½ñêÛãu5Ôêã78 |w| = d(0, w) ≤ d(0, τ−1(w)) = d(v, w) å 7ö>ãﬁñ8 D  æµ5#ñ8ﬀ98
êã%+,æµ53#857õuë/7æµ5ﬀæµßﬁ#Łß85
cosh(Λ |w|) ≤ cosh(Λd(v, w)) ≤ cosh(Λ |w|) cosh(Λ |v|)− sinh(Λ |w|) sinh(Λ |v|) cos θ,
õ+,æ)(
tanh(Λ |w|) cos θ ≤ cosh(Λ |v|)− 1
sinh(Λ |v|) .
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vθ
w
0
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d(0, w) ≤ d(v, w) Ł o|æ>à8 w &öÛã7²é78&õﬁ89à}FæµŁ5#Łß69à9Eãﬁ5¢8ñ8ﬂõ+,8ñ#ñ8ãﬁñﬁñﬃﬀ9àD
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gx(v, w) = |v| |w| cos θ æµ5 #ñæµãﬁô@8&õﬁæµ57
gx(v, w)
|v|2 ≤
Λ |w|
tanhΛ |w|
cosh(Λ |v|)− 1
Λ |v| sinh(Λ |v|) .
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sinh t = t cosh t− t
2
2
sinh t+
∫ t
0
s2
2
cosh sds,
æµ5ﬀæµßﬁ#Łß85
t
tanh t
≤ 1 + 1
sinh t
∫ t
0
s sinh sds ≤ 1 + t
2
2
åDä?>ë
8õﬁæµ57
Λ |w|
tanhΛ |w| ≤ 1 +
Λ2ρ2
2
.
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cosh t− 1 = t sinh t− t
2
2
cosh t+
∫ t
0
s2
2
sinh sds
Ł oﬁŁßêã78u9ô@89¢åDä?>ë/
cosh t− 1
t sinh t
= 1− t
2 tanh t
+
1
t sinh t
∫ t
0
s2
2
sinh sds ≤ 1
2
+
t2
6
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cosh Λ |v| − 1
Λ |v| sinhΛ |v| ≤
1
2
+
Λ2ρ2
6
.
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gx(v, w)
|v|2 ≤
(
1 +
Λ2ρ2
2
)(
1
2
+
Λ2ρ2
6
)
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Λρ ≤ pi4 < 1
ﬁæµ53ñ#ñ#Łô@8 
gx(v, w)
|v|2 ≤
1
2
+
Λ2ρ2
2
.
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gx(w, τ
−1(0)) > 0
8ﬂæµ53#ñ² ôµŁß8;õﬁ8  ﬂ8¢å] ô@89
v = τ−1(0)
ë|æµãﬁñ
9æ oﬁß68ñrﬁñ8ãﬁô@8>D
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çæµãﬁñ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±O¯
(M, g)
¯± ³µ°ﬁ­®¹ 
ÙÛ¬«0³µ°7­´°ﬀ¶³µ¹°u±
x
±O¯®¸»´7¯Ô¸ ¾ ³µ´« ·®´«¯Ô­9³µ¹±·#³µ«®°F¬¯&¶¾µ«
Λ2  Λ ≥ 0  ­Ø´«¸¾.·#³>´¸ß¯ B(x, ρ) 
ρ > 0 
¾¯
Λρ < pi/4
ﬁ F³µ¹Ú±
v
´°.«#¯®¸ß¯*¬ÙÛ¯
x
Ù@¾>°ﬁ­
Bˆ(0, ρ) ⊂ TxM ﬁ }°.¹§°u±Ú«#³ Ùµ´¹Ú±

¸ ¾Ô±Ú«#¾µ°ﬁ­Ø¸¾>±Ú¹]³µ°
tv
ÙÛ¯ﬀ¯9±O¯´«
v
Ù@¾µ°ﬁ­ﬂ¸ ¯Ø­O¶¾ ²¯;¾_°F¯
TxM

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¸¯E±Ú«#¾µ°ﬁ­O¶³µ«±¶¾>«0¾µ¸¸ ®¸¯
pv
¸ß¯ﬂ¸³µ°(ﬃÙÛ¯
t 7→ expx tv 
Ù¯
t = 0

t = 1
ﬁ

¸  ¾Ø¶@¶F¸º¹¾>±Ú¹]³µ°
τv = Expv ◦ (Tv expx)−1 
³ﬀ¸  ³µ°.«0¾Ø¶Û¶ﬁ¯®¸¸¯;»´7¯
Exp
ÙÛ¬Ø­®¹ >°F¯ó¸  ¯#øØ¶³>°F¯®°u±Ú¹ ¯®¸¸¯;ÙÛ¯
(TxM, exp
∗
x g)
ﬁ }°M¾Ô¾>¸ ³µ«Ø­}¶³µ´«ó± ³µ´±
¬®¸ß¬®¼½¯®°u±
w
ÙÛ¯
Bˆ(0, ρ − |v|) 
d(τv(w), tv ◦ p−1v (w)) ≤ Λ2 |v| |w| (|v|+ |w|).
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V
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Exp0 V = v
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W
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T0TxM
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d(Expv ◦pˆv(W ),Exp0(V +W )) ≤
1
3
Λ |V | |W | sinh(Λ(|V |+ |W |)) sin∠(V,W ), åD
 =@ë
æ)(
pˆv
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t 7→ Exp0 tV
uõﬁ8
t = 0

t = 1
D|$5ﬀ|æ>à8
w =
Exp0W
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Exp0 = T0 expx
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õﬁ8o +,89àuµ98o²5ﬁö@85Û
T0TxM
ﬃ +,89à#uµ98ô@89æµñ#Łß8
TxM
D%/5Xuñ##ŁßãﬁŁß8ñ
Exp0(V + W ) =
v + w = tv(w)
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expx
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pˆv = (Tv expx)
−1 ◦ pv ◦ T0 expx,
õﬁ8&à²æµñ#8ﬂêÛã78
Expv ◦pˆv(W ) = τv ◦ pv(w)
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sinh(Λ(|V |+ |W |)) ≤ Λ(|V |+ |W |) cosh(1) ≤ 3Λ(|V |+ |W |),
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d(τv ◦ pv(w), tv(w)) ≤ Λ2 |v| |w| (|v|+ |w|).
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(Mn, g)
´°|¯
 ¾>«Ø¹ ¬±O¬ﬃ«®¹ ¯®¼¾µ°7°7¹ ¯®°7°F¯ ²³µ¼¶l¸ 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V > 0
ﬁ

¸ ³µ«Ø­b¹§¸Ý¾_´°1°l³µ¼½·®«¯
­±Ú«Ø¹9±O¯®¼½¯®°u±%¶³­®¹±Ú¹ 
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inj(x) ≥ I.
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sup
t>0
lim inf
x−→∞
volB(x, t)
tn
> 0.
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ρ = min(1, pi8Λ)
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ρ
2 inj(x)
volB(x, ρ/2) ≤ vol Bˆ(0, ρ).
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ωn cosh(Λρ)
n−1ρn
 æ)(
ωn
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n D>$5oæµßﬁ#Łß85Û	õﬁæµ57 inj(x) ≥
C(n,Λ) volB(x, ρ/2)
Fæµãﬁñ/ãﬁ5789æµ57à#²5Û8
C(n,Λ) > 0
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C ′(n,Λ) > 0
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volB(x, 1) ≤ C ′(n,Λ)−1 volB(x, ρ/2),
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x−→∞
volB(x, t)
tn
> 0
¯±
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lim sup
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C(n)
¯®­®±¸ ¾ ²³µ°ﬁ­®± ¾>°u±O¯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 I2
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I1 ≤ inj(x) ≤ I2.
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´°|¯ ¾µ«Ø¹ ¬±O¬«®¹]¯¼o¾>°7°7¹ ¯®°7°F¯ ³µ¼¶l¸ ±O¯ÙÛ¯ ³µ´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∀x ∈M, V ≤ volB(x, t) ≤ ω(t)tn
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V > 0
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°l³>¼·«#¯Ø­ﬂ­±Ú«Ø¹9±O¯®¼½¯®°l±¶³µ­Ø¹Ú±Ú¹ Ø­
I1
 I2
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I1 ≤ inj(x) ≤ I2.
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(Mn, g)
´°|¯) ¾µ«®¹]¬9±O¬r«Ø¹ ¯®¼¾µ° 
°7¹ ¯®°7°|¯ ³>¼¶F¸ ±O¯ µ¬®«Ø¹ ¾µ°l±¶³>´«&´° ²¯®«± ¾µ¹§°
 > 0
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|Rm| = O(r−2−).
u¹/¸ ³µ°ﬀ­®´ ¶Û¶³­9¯
inf
t>0
lim sup
x−→∞
volB(x, t)
tn
< C(n),
³
C(n)
ÙÛ¬Ø­®¹ >°F¯ó¸ ¾ ³µ°ﬁ­± ¾µ°u±O¯;ÙÛ¯ (ﬁ  ﬁ 

³µ°M¾Ô¾µ´± ³µ¼¾>±Ú¹]»´7¯®¼½¯®°u± 
lim sup
t−→∞
sup
x∈M
volB(x, t)
tn−1
<∞.
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volB(x, t) ≤ ω(t)tn,
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|æµãﬁñ
t
ö>ñ²57õ#ﬁFæµãﬁñæµãﬁ
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M
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volB(x, t) ≤ Btn−1.
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õ757à
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ﬁﬁŁßêÛã78ñoåD  ë ô@89 2I2 ≤ ρ = 2t ≤
r(x)/2
:
t
inj(x)
volB(x, t) ≤ vol Bˆ(0, 2t).
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ωn cosh(1)
n−1(2t)n
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>D
7æµ5ﬀæµßﬁ#Łß85õﬁæµ57ﬂ|æµãﬁñ
I2 ≤ t ≤ r(x)/2 :
volB(x, t) ≤ ωn cosh(1)n−12nI2tn−1.
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B1
8êÛã78¢|æµãﬁñEæµãﬁ
x
é7æµñàoõ+ ãﬁ578ﬃß|æµãﬁß8
B(o,R0)
8E|æµãﬁñ;æµãﬁ
t
õﬁ8
[I2, r(x)/2]

volB(x, t) ≤ B1tn−1. åD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Ak := B(o, 2Rk)\B(o,Rk) /9ô@89 Rk = R02k 89à#;ñ899æµãﬁô@8ñ#uñoãﬁ578Ôò  oŁß82õﬁ8Ôß|æµãﬁß89à
(B(xk,i, Rk/2))1≤i≤N
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t ≥ I2 
volB(o, t) ≤ B2
dlog2(t/R0)e∑
k=0
(2k)n−1,
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B3
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∀ t ≥ I2, volB(o, t) ≤ B3 tn−1. åD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x
õﬁ8
M\B(o,R0) 8Fæµãﬁñ t ≥ r(x)/4 7æµ53
volB(x, t) ≤ volB(o, t+ r(x)) volB(o, 5t) ≤ 5n−1B3tn−1.
89à#8ß8ﬂ µàæ)(
x
89àõ757à
B(o,R0)
:|æµãﬁñ
t ≥ I2 ﬁæµ53
volB(x, t) ≤ volB(o, t+R0) ≤ volB(o, (1 +R0/2)t) ≤ B3(1 +R0/2)n−1tn−1.
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«¯ÔÙ¯
ì¹ ¹|¶³µ­Ø¹Ú±Ú¹ ¯;¯± ¬®«®¹ ¾µ°u±
|Rm| = O(r−2).
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lim sup
x−→∞
volB(x, t)
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C(n)
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(Mn, g)
´°|¯ ¾µ«Ø¹ ¬±O¬E«®¹]¯¼o¾>°7°7¹ ¯®°7°F¯ ³µ¼¶l¸ ±O¯r±O¯®¸¸¯r»´7¯
∀x ∈M, ∀ t ≥ 1, Atn−1 ≤ volB(x, t) ≤ Btn−1
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|Rm| ≤ c2r−2
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x
¯9±}Ù¯&¸³µ°(>´ﬁ¯®´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¾µ¸³µ«Ø­&¸  	³µ¸³µ°l³>¼r¹ ¯
H
Ù>´ ¸ ¾ ²¯±
γ
¬®«®¹ ¯
|H − id| ≤ cL
r(x)
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ÙÛ¯
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°7¹]»´ﬁ¯ﬀ¸¾ ²¯±
Û¬³ ÙÛ¬Ø­®¹Ú»´7¯
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ÙÛ¯ﬀ¸ ³>°(µ´7¯®´«3¼;¹§°7¹¼¾µ¸ß¯
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Γ(x, κr(x))
¯Ø­®±Ù¯ ¾µ«*
Ùµ¹°l¾µ¸¼¾0Ü9³µ«¬¶ﬁ¾µ«
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ﬁ
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r(x) > 100I2c
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uñ½åD
>Dä?>ë/)æµ5Xﬃõﬁ89à&9æµ57à#²5Û89à
I1

I2
8ß89àóêÛã78
0 < I1 ≤ inj ≤ I2 D%8;7à8ã7õﬁæû ö>ñæµãﬁ|8
ò]æµ57õ7 85Û²
Γ := Γ(x, r(x)4c )
9æµ5#Łß85Ûß8àæµã7à#û 7à8ã7õﬁæû ö>ñæµãﬁF8
Γσ := Γσ(x,
r(x)
4c )
µàà²æŁß6ﬂã
µ98
σ
õﬁ8¢ßæµ5ﬁö>ã78ãﬁñ oŁ5ﬁŁ ½ß8
2 inj(x)
Dﬁ|8ßæµ57à
τ = τv
 + ãﬁ5_õﬁ89àrõﬁ8ã 6ß685Ûàõﬁ8
Γ
9æµñ#ñ89à#|æµ57õ75Û 
σ
: |v| = 2 inj(x) DCåD  ë}õﬁæµ5ﬁ578ﬂ|æµãﬁñ ρ = r(x)2c
:
|Γ| volB
(
x,
r(x)
4c
)
≤ vol Bˆ
(
0,
r(x)
2c
)
.
çñﬂ9æ ouñ²Łßàæµ5eå#é769æµñﬃﬀ8;õﬁ8rBŁßà#é7æµlë/uß8óô@æµã 8óñ#Łß8½5ﬁ5ﬁŁß85Qõﬁ8
Bˆ(0, r(x)2c )
89à# ½7#æµñ6
uñà²æµ52ô@æµã 8&8ã7ŁßõŁß85 Eãﬁ#ŁﬁŁß6&uñãﬁ52ò µ8ãﬁñ
(
sinh c
c
)n
≤ (cosh c)n .
/5ﬀãﬁ#ŁŁßà²5Û6öÛß885Û oŁ57æµñ²#Łßæµ5.õã ô@æµã 87æµ5ﬀæµßﬁ#Łß85E:
|Γ|A
(
r(x)
4c
)n−1
≤ (cosh c)n ωn
(
r(x)
2c
)n
,
æ)(
ωn
89à#ß8ﬂô@æµã 8óõﬁ8ﬂrßFæµãﬁß8&ãﬁ5ﬁŁ6&õﬁ8
R
n Du$5385 õﬁ69õãﬁŁ +,89à##Ł 698
|Γ| ≤ Lr(x)
 ô@89
L :=
2n−2ωn (cosh c)
n
Ac
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x
8õﬁ8ßæµ5ﬁö>ã78ãﬁñŁ5û
ò]6ñ#Łß8ãﬁñ8  r(x)
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τz
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Γ := Γ(x, r(x)4c )
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γ
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|Hz − id| ≤ c |z|
r(x)
.
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z = τz(0)
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Ł89àà8Ł5ﬁŁ#Łß8õﬁ8&ö@69æ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τ−1z (0)
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Ł89àà8ﬂŁ5ﬁŁ#Łß8Eõﬁ8&;ö@69æ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γ
uñ9æµãﬁñ#ãM8538o7à
1
lFæµãﬁñ +,æµñ#Łß85Û²#Łßæµ5Xæµﬁ|æ>à698>D|$5.85bõﬁ69õãﬁŁﬂêÛã78 −z à+,æµßﬁ#Łß85Ûuñ
#ñ²57à#|æµñ#uñ²ﬁﬀß8&õﬁ8
τ−1z (0)
:
Hz(τ
−1
z (0)) = −z
Du$5ﬀõﬁ69õãﬁŁõﬁ8 +,89à#Ł ½#Łßæµ53Ł ûOõﬁ89àà#ã7àó:
∣∣τ−1z (0) + z∣∣ ≤ c |z|2r(x) . åD
 @ë
æµ5ﬁ57æµ57à57æµã7àãﬁ5.57æ óßﬁñ8
λ
µàà8 <EF8#ŁlõŁßàæµ57à
λ = 1100c
F89æµ57à#Łßõﬁ6ñæµ57àãﬁ5.FæµŁ5
w
õã
õﬁæ ½Ł578 Iτz(x, λr(x))
åô@æµŁñ;õﬁ6/75ﬁŁ#Łßæµ5bã ß8 8 D
>D @ë®D7ô@6ñ#Ł u8
gx(w, τ
−1
z (0)) ≤
|z|2
2
+ 2c2λ2 |z|2 .

)ô@89
gx(w, z) = −gx(w, τ−1z (0)) + gx(w, τ−1z (0) + z) ≥ −gx(w, τ−1z (0)) − |w|
∣∣τ−1z (0) + z∣∣ ,
æµ5 #ñæµãﬁô@8
gx(w, z) ≥ −|z|
2
2
− 2c2λ2 |z|2 − λc |z|2 ,
àæµŁ
gx(w, z) ≥ −|z|
2
2
(
1 + 4c2λ2 + 2λc
)
.
)ô@89ß8ﬂß8 8 D
>D 7989Ł æµ5Û#ñ8óêã%+,æµ53ﬃ:
Fτz(x, λr(x), r(x)/4) ⊂
{
w ∈ Bˆ(0, λr(x))
/
|gx (w, z)| ≤ |z|
2
2
(
1 + 4c2λ2 + 2λc
)}
.
/9ô@89
λ = 1100c
ﬁ989ŁCF8ñ8õ+  ô@æµŁñ
Fτz (x, λr(x), r(x)/4) ⊂
{
w ∈ Bˆ(0, λr(x))
/
|gx (w, z)| ≤ 3 |z|
2
4
}
.
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τ ′
õﬁ8
Γ\Γσ 8Cêã78 v′ := τ ′(0) à²æµŁõﬁ8ﬂ57æµñ8 oŁ5ﬁŁ ½ß8>D$5ﬀà#ãﬁﬁ|æ>à8
|v′| < λr(x) D7Ł57àŁ uñ oŁ5ﬁŁ ½Ł6óõﬁ8 |v′| CåD
 +ë}õﬁæµ5ﬁ578
∣∣gx (v′, v)∣∣ ≤ 3 |v|2
4
.
/5ﬀuñ##ŁßãﬁŁß8ñuà#Ł%æµ5 57æµ8
θ ∈ [0, pi]  + 5ﬁö>ß8E85Û#ñ8 v 8 v′ ﬁæµ5ﬀõŁßà#|æ>à8õﬁ8ﬂ + Ł576öÛŁ6½:
∣∣v′∣∣ |cos θ| ≤ 3 |v|
4
.
æ  8 |v| oŁ57æµñ8 |v′| ﬁæµ5.  ﬂ8 |cos θ| ≤ 34
ﬁõ+,æ)(
sin θ ≥
√
7
4
≥ 1
2
.
/5.ﬁﬁŁßêÛãu5råD
 +ë 
τ
8
τ ′
7æµ5 æµßﬁ#Łß85ã7àà#Ł
F(x, λr(x), r(x)/(4c)) ⊂ Fτv(x, λr(x), r(x)/(4c)) ∩ Fτv′ (x, λr(x), r(x)/(4c))
⊂
{
w ∈ Bˆ(0, λr(x))
/
|gx (w, v)| ≤ |v|2 ,
∣∣gx (w, v′)∣∣ ≤ ∣∣v′∣∣2} .
C8ô@æµã 8ñ#Łß8½5ﬁ5ﬁŁß85¢õﬁ8 F(x, λr(x), r(x)/(4c)) 89à#	6öÛ*98ãﬁŁuõﬁ8 B(x, λr(x)) Ûõﬁæµ57
Ł%89à# oŁ57æµñ6ﬂuñ
Aλn−1r(x)n−1.
%8&ô@æµã 8&8ã7ŁßõŁß853õﬁ8
{
w ∈ Bˆ(0, λr(x))
/
|gx (w, v)| ≤ |v|2 8
∣∣gx (w, v′)∣∣ ≤ ∣∣v′∣∣2}
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θ v
v′
τ−1
v′
(0)
τ−1v (0)
0
θ
} 	 D  
Ô%8&õﬁæ ½Ł578&òÚæµ57õ7 85² u85ﬀ9æµãﬁ|8ﬁ89à# ; + Ł56ñ#Łß8ãﬁñõﬁ89à|æµŁ5Û#Łß69à D
89à# ½70æµñ6½uñ
4 |v| |v′| (2λr(x))n−2/ sin θ ≤ 2n+2λn−2I2 |v′| r(x)n−2 DCçñ;9æ ouñ²Łßàæµ5
æµ5ﬀæµßﬁ#Łß85õﬁæµ57 + Ł576öÛŁ6
Aλn−1r(x)n−1 ≤ 2n+2 (cosh c)n λn−2I2
∣∣v′∣∣ r(x)n−2,
àæµŁ ∣∣v′∣∣ ≥ λA
2n+2I2 (cosh c)
n r(x).

Ł|æµ5¢à²8õﬁæµ5ﬁ578ãﬁ5Ôñ698|à##ñ#Łß885Û|æ>à#Ł#Ł ò
κ
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λ
8' λA
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n
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x
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Γ(x, κr(x))
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2 inj(x)
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x
9æµñ#ñ89à#|æµ57õ75Û 
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ﬁæµ5ﬀæµßﬁ#Łß85852uñ##ŁßãﬁŁß8ñ
F(x, λr(x), r(x)/4) ⊂ Fτv (x, λr(x), r(x)/4) ∩ Fτv′ (x, λr(x), r(x)/4)
⊂
{
w ∈ Bˆ(0, λr(x))
/
|gx (w, v)| ≤ |v|2 8
∣∣gx (w, v′)∣∣ ≤ |v|2} .
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Aλn−1r(x)n−1 ≤ 2n (cosh c)n λn−2 |v| ∣∣v′∣∣ r(x)n−2/ sin θ,
æ)(
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 é7æµŁ ﬀ85.éuµêã78&|æµŁ5ÛØë®Duçñ9æ ouµŁ6
Vn
µõ8
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α
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æµ5 
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α(inj(y)) = expy inj(y)V = y
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α
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expx
õﬁ8
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e
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e(0) = τv(0)
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e
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õã 7à²8ã7õﬁæû ö>ñæµãﬁF8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(M4, g)
´°F¯  ¾µ«®¹]¬±O¬ 	ÛÝØ¶ﬁ¯®«  
 	Û¸ß¯®«®¹]¯®°u°F¯ ³>¼¶F¸ ±O¯«0¾>Ý>³>°½Ù ¹° Ü ¯9±Ú¹  ¹Ú±O¬
¼;¹°l³µ«¬ 
I1 := inf
x∈M
inj(x) > 0.
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δ(t) := sup
r(x)≥t
(
r(x)2 |Rmx|
)
±O¯®°FÙ ¯®«Ø­  ¬®«#³ﬀ»´ﬁ¾µ°lÙ
t
±O¯°lÙ ¯®«Ø­;¸  ¹§° 	°7¹ ﬁ
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¸³µ«²­¶³µ´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r(x)
¾­²­ ¯   µ«#¾µ°lÙ

¸ß¯Ø­;¸ ¾ ²¯±­ﬀÛ¬#³ Ù¬*
­®¹Ú»´7¯Ø­r·#¾µ­9¬Ø­;¯°
x
¯±}ÙÛ¯ó¸ ³µ° µ´ﬁ¯´«
L < min
(
r(x)
4
,
4I1
δ(r(x)/2)
)
³µ°l±	´°F¯ 	³µ¸³µ°l³µ¼;¹ ¯
H
¬«Ø¹ ¾µ°u±
|H − id| ≤ 4L
r(x)
.
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$5oà8}õﬁæµ5ﬁ578}ãﬁ5;FæµŁ5
x
8ﬁêÛã78
√
δ(r(x)/2)
à²æµŁŁ5ò]6ñ#Łß8ãﬁñ 
pi/4
åÚ98|8ñ8	õﬁ8#ñ²9ô>Łß8ñ
#ñ²57êãﬁŁß885Û9ô@89ß87à8ã7õﬁæû ö>ñæµãﬁ|8ò]æµ57õ7 85Û²§ë/Ł57à#Łuêã%+ ãﬁ5µ98	ö@69æõﬁ69à#ŁßêÛã78æµñ#Łß85Û6
ßuµà6}85
x
8õﬁ8ßæµ5ﬁö>ã78ãﬁñ
L ≤ r(x)/4 DµãﬁŁﬁ9æµñ#ñ89à#|æµ57õrãﬁ5;6ß685 τv õﬁ8 Γ(x, r(x)/4) D>çñ
åD
>D +ë/æµ5QõŁßà#|æ>à8rõﬁ8r + ﬁﬁñæ Ł ½#Łßæµ5dà#ãﬁŁô>5Û82:F|æµãﬁñæµãﬁﬂ|æµŁ5Û
w
õﬁ8
TxM
õﬁ8r57æµñ8
Ł5ò]6ñ#Łß8ãﬁñ8 
r(x)/4
7æµ53
d(τv(w), tv ◦ p−1v (w)) ≤ 4r(x)−2δ(r(x)/2) |v| |w| (|v|+ |w|)
8õﬁæµ57
d(τv(w), tv ◦ p−1v (w)) ≤
δ(r(x)/2)L
2
.
çæ>àæµ57à
H = p−1v
:>+,89à#; + é7æµßæµ57æ oŁß8 õã_µ98;ö@69æõﬁ69à#Łßêã782õ+,æµñ#Łß85Û²#Łßæµ5æµﬁFæ>à698>D$5h
õﬁæµ57:
d(τv(w),Hw + v) ≤ δ(r(x)/2)L
2
.
æ  8ﬂæµ52#ñ² ôµŁß8ﬂà#ãﬁñ}ãﬁ578ô>ñ#Łß66éÛèF8ñ=3 éﬁß8ñ#Łß85ﬁ578&õﬁ8õŁ 857à#Łßæµ52ñ698ß8
4
 + é7æµßæµ57æ oŁß8
à8ñ69õãﬁŁ 
SU(2)
åÚ®ò#D ﬃ,B}89à' ë/õﬁ8àæµñ#8êã78õ757àãﬁ57898ñ#²Ł578ßuµà8æµñ##é7æµ57æµñ698&õﬁ8
TxM

ôã 9æ  8&89à#uµ98ﬂô@89æµñ#Łß89æ oﬁß8 8óõﬁ8&õŁ 857à#Łßæµ5
2

H
à +,69ñ#Ł
H =
(
eiθ 0
0 e−iθ
)
 ô@89ãﬁ5 5ﬁö>ß8
θ
õ757à
] − pi, pi] D
ãﬁﬁFæ>à²æµ57à θ 57æµ5d5ÛãﬁåÚà#Ł57æµ5 +,89à##Ł 698Ô89à#&#ñ#ŁôŁß885Û
ô@6ñ#Ł u698ë®Dl	+,69êÛãu#Łßæµ5
Hw + v = w
ßæµñàãﬁ578&àæµãﬁ#Łßæµ53êÛãﬁŁ%à +,69ñ#Łõ757à;ßuµà8ﬂ²é7æµŁßà#Łß8:
w =
(
v1
1−eiθ
v2
1−e−iθ
)
æ)(
v1
8
v2
õﬁ69à#Łö>5785Ûrß89àó9ææµñõﬁæµ5ﬁ576989àEõﬁ8
v
D8o|æµŁ5Û
w
)à + Ł89à#óõﬁ857æµñ8Ł5ò]6ñ#Łß8ãﬁñ8 
r(x)/4
ﬁô@6ñ#Ł u8óõﬁæµ57
d(τv(w), w) ≤ δ(r(x)/2)L
2
.
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d(τv(w), w) ≥ 2I1.
/539æ óßﬁŁ5u5Û989àŁ576öÛŁ69àuæµ5 #ñæµãﬁô@8
L ≥ 4I1
δ(r(x)/2)
.
æµ57à#ŁFß8µ9889à#õﬁ8ßæµ5ﬁö>ã78ãﬁñ
L < 4Iδ(r(x)/2)
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æµ5ﬃ89à#à 	ﬁñ}êÛã78ß8FæµŁ5
w
89àãﬃõﬁ8é7æµñàõﬁ8
;ß|æµãﬁß8ﬂõﬁ8&985#ñ8
0
8õﬁ8ﬂñ²9è@æµ5
r(x)/4
u98ﬂêÛãﬁŁCà+,69ñ#Ł&:
|w| = L|1− eiθ| ≥
r(x)
4
,
àæµŁ
|H − id| =
∣∣∣1− eiθ∣∣∣ ≤ 4L
r(x)
.
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(M4, g)
´°F¯ﬀ ¾µ«®¹ ¬±O¬ 	ÛÝØ¶ﬁ¯®«  
 	Û¸ß¯®«®¹]¯®°u°F¯ ³µ¼¶l¸ ±O¯r±O¯®¸¸ß¯E»9´ﬁ¯
∫
M
|Rm|2 rdvol <∞
¯±
∀x ∈M, ∀ t ≥ 1, At3 ≤ volB(x, t) ≤ Bt3
¾µ¯
0 < A ≤ B ﬁ Ø¸C¯#øµ¹§­®±O¯E¾µ¸ ³>«²­ﬂ´° ³µ¼¶¾ 9± K ±O¯¸C»´  ¯®°b± ³µ´±|¶³µ¹°u± x ÙÛ¯ M\K  ¹§¸|Ý½¾o´°
´°7¹]»´ﬁ¯½¸¾ ²¯± Û¬#³ÙÛ¬Ø­Ø¹]»´7¯
σx
Ù¯o¸³µ°(µ´7¯®´«¼;¹§°u¹§¼¾µ¸ß¯
2 inj(x)
ﬁ °ﬀ¶ﬁ¯®´±Ù¯¶F¸º´­±Ú«0³µ´ ¯®«¢ÙÛ¯Ø­
³>°ﬁ­®± ¾µ°l±O¯Ø­Û¬#³µ¼½¬±Ú«®¹Ú»9´ﬁ¯Ø­
L
¯±
κ > 0
±O¯¸§¸ß¯Ø­ó»´7¯ﬂ¸ß¯¶l­9¯®´ﬁÙ@³ µ«0³>´ ¶ﬁ¯	³µ°FÙ@¾µ¼½¯®°u± ¾µ¸
Γ(x, κr(x))
¯Ø­±	ÙÛ¯ ²¾µ«0Ù>¹§°l¾>¸F¼¾0Ü9³µ«¬¶¾µ«
Lr(x)
¯±/±O¯¸§¸ß¯Ø­»9´ﬁ¯ﬂ­9¯Ø­&¬®¸ß¬®¼½¯®°u±­­  ³Û·±Ú¹ ¯®°7°F¯®°l±± ³>´Û­ó¯®° «¯®¸ß¯* ¾µ°u±
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|Rm| = O(r−3).
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δ(t) ≤ Ct ë®D 
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857à8ãﬁñrõﬁ8½9æµãﬁñ#ßﬁãﬁñ8
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¨¤)âF)¡¨© úC 7¡¢%¨¥Û¨©%¨ 7¡	ﬀ F³µ¹Ú±
γ : [0, L] −→ N ´°|¯ ³µ´«9·²¯
±Ú«#¾ ²¬¯rÙ@¾>°ﬁ­´°F¯  ¾µ«®¹]¬±O¬&«®¹]¯®¼¾µ°u°7¹]¯°7°F¯
N
¯±­³>¹±
t 7→ αt ´°F¯ 9¾µ¼;¹§¸¸ß¯ﬂÙÛ¯¸¾ ²¯9±­¶ﬁ¾µ«0¾>¼¬9±Ú«#¬Ø­
¶¾>«
0 ≤ s ≤ l ¾¯ αt(0) = αt(l) = γ(t) ﬁ  &³>± ³µ°7­ pγ(t) ¸ß¯&±Ú«#¾µ°ﬁ­O¶³µ«±F¶¾µ«#¾µ¸¸ ¸¯&¸¯&¸³µ°(½Ù¯ γ 
ÙÛ¯
γ(0)

γ(t)
ﬁ }°b­9¯oÙÛ³µ°7°F¯E´°  	¾µ¼¶eÙ¯)¯9±O¯´«
(s, t) 7→ X(s, t) ¸¯r¸³µ°(ﬀÙÛ¯r¸¾ ¾µ¼;¹¸§¸ß¯
α
¯±³µ°M­®´ ¶@¶ﬁ³­9¯½»´  ¹¸/¯Ø­±)¶¾µ«#¾µ¸¸ ®¸ß¯¸¯r¸³µ°(ﬀÙÛ¯  	¾Û»´ﬁ¯¸¾ ²¯±
αt   ∇sX(s, t) = 0 ﬃ¾>¹§°ﬁ­®¹»´7¯
¸ß¯ó¸ ³µ° ¢Ù¯
γ   ∇tX(0, t) = 0  ﬁ

¸ ³>«²­ó³µ°QÙµ¹§­ ¶³µ­9¯EÙÛ¯ó¸  ¹§°|¬ @¾µ¸ ¹±O¬
∣∣pγ(L)−1X(l, L) −X(l, 0)∣∣ ≤ ∫ L
0
∫ l
0
|Rm(∂sσt, ∂tσt)X(s, t)| dsdt.
γ(0)
γ(t)
αt
αL
α0
γ(L)
	 Dä? 
Ô 578ò  oŁß8 rãﬁ5 uñ²  ﬀ#ñ8Eõﬁ8µ98à D

= 
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X(0, L) = pγ(L)X(0, 0)
8 ∇t = pγ(t) d
dt
pγ(t)
−1 ﬁæµ5 F8ãﬁ69ñ#Łñ8
pγ(L)
−1 (X(l, L) −X(0, L)) − (X(l, 0) −X(0, 0)) =
∫ L
0
d
dt
pγ(t)
−1 (X(l, t) −X(0, t)) dt
àæµã7àEòÚæµñ8
pγ(L)
−1X(l, L) −X(l, 0) =
∫ L
0
pγ(t)
−1∇tX(l, t)dt

t
 67àŁ
pσt(s)
õﬁ69à#Łö>578óß8ﬂ#ñ²57à#|æµñ#uñ²ﬁﬀß8&ß8&ßæµ5ﬁöÔõﬁ8
αt
7õﬁ8
αt(0)

αt(s)
uæµ5 |8ãﬁ
69ñ#Łñ8
pαt(l)
−1∇tX(1, t) =
∫ l
0
d
ds
pαt(s)
−1∇tX(s, t)ds =
∫ l
0
pαt(s)
−1∇s∇tX(s, t)ds
89æ  8 ∇sX = 0 uæµ5 æµßﬁ#Łß85Û
pαt(l)
−1∇tX(l, t) =
∫ l
0
pαt(s)
−1 Rm(∂sαt, ∂tαt)X(s, t)ds.
%8&#ñ²57à#Fæµñ#uñ²ﬁﬀß8&6²5ÛŁßàæ 6#ñ#ŁßêÛã787ŁôŁß85
|∇tX(l, t)| ≤
∫ l
0
|Rm(∂sαt, ∂tαt)X(s, t)| ds,
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
ﬁãﬁŁßà
∣∣pγ(L)−1X(l, L) −X(l, 0)∣∣ ≤ ∫ L
0
∫ l
0
|Rm(∂sαt, ∂tαt)X(s, t)| dsdt.

ç	  9æµ57à57æµã7ààãﬁñãﬁ578ﬂôµñ#Łß66&ñ#Łß8½5ﬁ5ﬁŁß85ﬁ578ó9æ oﬁﬁﬀ8
(Mn, g)
ô@6ñ#Ł l5Û
|Rm| = O(r−2−)
|æµãﬁñﬂãﬁ5Q98ñ#²Ł5
 > 0
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∣∣∣
t=0
Exptv sX(t).

 =
89à#ãﬁ53éu o3õﬁ8ﬂíµ9æµßﬁŁ)õﬁ8ﬂõﬁæµ5ﬁ576989àŁ5ﬁŁ#Łß89à
J(0) =
d
dt
∣∣∣
t=0
tv = v
åÚæµ5 Łßõﬁ85#Ł u8
E

T0E
uñ
Exp0
7õﬁ8rò   9æµ525u#ãﬁñ8ß8ë8
J ′(0) = (∇s∂tcˆ)
∣∣∣
(t,s)=(0,0)
= (∇t∂scˆ)
∣∣∣
(t,s)=(0,0)
= (∇t∂s Exptv sX(t))
∣∣∣
(t,s)=(0,0)
= (∇tX) (0).

ãﬁﬁ|æ>àæµ57à½9æµãﬁñ#ßﬁãﬁñ8;ß|æµñ#57698Euñ
Λ2

Λ > 0
lõ757à < æµ578r9æµ57à#Łßõﬁ6ñ698;8ﬁﬁŁßêã7æµ57àß8
ß8 8 D Dä?oõﬁ8ﬃ,B
  :ﬁruñ##Łß8
J˜
õﬁ8
J
êÛãﬁŁ%89àæµñ##é7æµö@æµ5uß8@
cˆ(0, .)
ô@6ñ#Ł u8
∣∣∣J˜(s)− p(sv)J˜(0)− sp(sv)J˜ ′(0)∣∣∣ ≤ a(s)
æ)(
p(.)
õﬁ69à#Łö>578&ß8ﬂ#ñ²57à#|æµñ#uñ²ﬁﬀß8ﬂñ²µõŁC8æ)(
a
ñ69àæµãﬁ +,69êãu#Łßæµ53õŁ 16ñ85Û#Łß8ß8
a′′ − Λ2a = Λ2
(∣∣∣J˜(0)∣∣∣ + ∣∣∣J˜ ′(0)∣∣∣)
 ô@89
a(0) = a′(0) = 0
ﬁàæµŁ
a(s) =
(∣∣∣J˜(0)∣∣∣ + ∣∣∣J˜ ′(0)∣∣∣) (cosh(Λs)− 1) .
æ  8ŁßŁ|æµ5ﬃãﬁñ²
0 ≤ s ≤ 1 8 Λ << 1 Ł|à#ã&%õﬁæµ57õﬁ8 ½70æµñ8ñ
∣∣∣J˜(0)∣∣∣ 8 ∣∣∣J˜ ′(0)∣∣∣ Fæµãﬁñ
ß|æµñ#578ñ
J˜
88ñoŁ578ñ}óﬁñ8ãﬁô@8õã¢ß8 8>D7æ  8
J(0) = v
89àãﬁ5ﬁŁ²Łñ8Łl578ñ89à#8êÛã%+ 
89à##Ł 8ñ
J˜ ′(0)
D
$5ﬀŁ5Û#ñæõãﬁŁEò  oŁß8&õﬁ8ô@898ãﬁñà
Y
õﬁ8
T0E ∼= E õﬁ6/75ﬁŁß8ﬂuñ
X(t) = p(tv)Y (t).
)ô@89
∇tX(t) = p(tv) d
dt
p(tv)−1X(t) = p(tv)Y ′(t),
æµ53ô@æµŁêã78
J ′(0)
5%+,89à#ãﬁ#ñ8EêÛã78
Y ′(0)
DFæµ²5
f
 + ﬁﬁŁß #Łßæµ5Mõﬁ8
E × T0E ∼= E2 õ757à
E
õﬁ6/75ﬁŁß8ﬂuñ
f(w,W ) = Expw p(w)W,
æµ5ﬀõŁßàFæ>à8ﬂõﬁ8oñ8#Łßæµ5
f(tv, Y (t)) = τ(tv).
/53õŁ 1|6ñ85#Ł5Û989Ł ﬁŁôŁß85
∂1f(0,Y (0))v + ∂2f(0,Y (0))Y
′(0) = (Dτ)0v.
åD


ë

 =@?
-bŁ5Û85u5@ß8}ß8 8 D õﬁ8 ﬃ,B
# 7õŁ	êÛã78
∂2f(0,Y (0))
89à#
Λ2
û ﬁñæé78õﬁ8} + Łßõﬁ85Û#Ł6>DÛ8ﬁã7à
τ
89à#Cãﬁ578Łßàæ 6#ñ#Łß8Fæµãﬁñ
gˆ
õﬁæµ57
(Dτ)0
89à#)ß|æµñ#57698ãﬁ5ﬁŁ òÚæµñ685 D>/575
∂1f(0,Y (0))v
5%+,89à#
ãﬁ#ñ8êã78ß8ôµß8ãﬁñ85
1
õãﬃéu o õﬁ8íÛµ9æµßﬁŁ
K
ß8ßæµ5ﬁöoõﬁ8
s 7→ sY (0) æµßﬁ85ã &uñ##Łñõﬁ8
;ô>ñ#Ł#Łßæµ5 ö@69æõﬁ69à#Łßêã78
H(t, s) 7→ Exptv sp(tv)Y (0).
æ  8¢ß89àr9æµ57õŁ#Łßæµ57àEŁ5ﬁŁ#Łß89à;õﬁ8
K(s) = ∂tH(0, s)
àæµ5
K(0) = v
8
K ′(0) = 0
æµ5
æµßﬁ#Łß85µàà#Łßêã7885ÛåÚ9æµñæµŁñ8 D D

õﬁ8#ﬃ,B
# ëCãﬁ578ßFæµñ#578}à#ãﬁñ
K
8/õﬁæµ57}à#ãﬁñ
∂1f(0,Y (0))v
D
89ŁC9æµ57õãﬁŁßæµñà?rãﬁ578ﬂß|æµñ#578&à#ãﬁñ
Y ′(0)
åö>ñµ98  D


ë}8æµ53röÛö>576>D

)ô@89&98ß8 8ﬁoßFæµñ#578&àãﬁñ;9æµãﬁñ#ßﬁãﬁñ8&|8ñ8õ+,85ﬀõﬁ69õãﬁŁñ8:
∣∣pγ(t2)−1Hγ(t2)pγ(t2)− pγ(t1)−1Hγ(t1)pγ(t1)∣∣ ≤ C0
∫ ∞
t1
t−2−dt ≤ C t−1−1 .
çñ	ß8ñ#Łﬃﬀñ8õﬁ8}ã7²éÛè6ÛòÚæµ57#Łßæµ5
t 7→ pγ(t)−1Hγ(t)pγ(t)
µõ8	ãﬁ578}Ł oŁ8
Hγ(∞)
õ757à
O(ToM)
êãu57õ
t
857õ2ô@8ñà + Ł575ﬁŁ Du	5 æµãﬁ#ñ8uæµ5 õŁßà#|æ>à8ﬂõﬁ8ﬂ +,89à##Ł ½#Łßæµ5d:
∣∣pγ(t)−1Hγ(t)pγ(t)−Hγ(∞)∣∣ ≤ C t−1−. åD
 @ë
$5ibà#ãﬁﬁFæ>à²62êÛã78
M
9ô>Łoãﬁ5à8ãﬁß|æµãﬁ8êÛã782à²b9æµãﬁñ#ßﬁãﬁñ8ﬀõﬁ69ñæµŁßàà²Łﬁã7àoôŁ8
êã78&êãuµõñ²#ŁßêÛã7885r:7õ757à98& µõñ8ﬃ &µà Cﬁñæµãﬁô@8óêã78ß89àö>ñ²57õﬁ89àà#ﬁé!ﬀñ89à
S(o, t)
àæµ5
9æµ5ﬁ578 ﬁ89à&8ﬂõﬁ8oõŁ  ﬀ#ñ8ﬀåŁ5Û#ñ#Ł57à;ﬀ9êÛã78ëß|æµñ#576;uñ
Cs
DFŁ57à#Ł Fæµãﬁﬂ|æµŁ5Û
x
õﬁ8
S(o, t)
89à#
ñ8Łß6 
γ(t)
uñãﬁ5.é78oŁ5
β
õﬁ8ﬂßæµ5ﬁö>ã78ãﬁñﬂãﬀﬁã7à
Ct
8ñ89à#²5Ûõ757àß8&9æ oﬁß685²Łñ8
õﬁ8
B(o, t/2)
Dl$5ﬀ85 õﬁ69õãﬁŁuñß8ﬂß8 8&õﬁ8&9æ ouñ²Łßàæµ53õﬁ89àé7æµßæµ57æ oŁß89àEåD <D @ë&:
∣∣∣p−1β Hxpβ −Hγ(t)∣∣∣ ≤ Ct−1−, åD
?>ë
æ)(
pα
õﬁ69à#Łö>578½ß8#ñ²57à#|æµñ#óuñ²ﬁﬀß8Ôß8ßæµ5ﬁö.õﬁ8
β
8ræ)(
Hx
89à#ó +,857õﬁæ æµñ#ﬁéﬁŁßà8ﬃõ+ é7æû
ßæµ57æ oŁß8ﬃµààæŁß6  ãﬁ578Ôæµñ#Łß85²#Łßæµ5e9æµé76ñ858ﬃõﬁ8
σx
D)/5d85u5r9æ oﬁ8¢õﬁ8¢98ﬁñæµßﬁﬁﬀ8
õ+,æµñ#Łß85²#Łßæµ5}åD
 @ë&8ÔåD
?>ë&F8ñ8#85rõ+ 	%ñ8ñrêÛã78o uŁñ8½õﬁ89àEµàà89à&õﬁ8Ô9æµ5)(ãû
öÛŁßàæµ5Qõﬁ8
Hγ(∞)
8
H−1γ(∞)
õ757à
O(ToM)
578;õﬁ6F857õbuµàﬂõﬁ8
γ
D%$5Xﬁ|8ß8

é7æµßæµ57æ oŁß8
3 + Ł575ﬁŁõﬁ8
M
 98#8ﬃõﬁæµ5ﬁ5769828oæµ5d357æµ8 H∞ D/89Łõﬁæµ5ﬁ578ﬃãﬁ5_à857à  .õﬁ6/75ﬁŁ#Łßæµ5
à#ãﬁŁô>5Û8>D
ý;7ð©%¨)© D <D

 }°dÙµ¹«0¾2»´7¯;¸ 	³µ¸³µ°l³µ¼;¹ ¯ﬃ¸  ¹° 	°7¹Ù¯
M
¯Ø­±±Ú«Ø¹  ¹]¾µ¸¯r­Ø¹
Hγ(∞)
¯Ø­®±
¸ ¹]ÙÛ¯®°l±Ú¹±O¬ ﬁ
"ãu57õd + é7æµßæµ57æ oŁß8 2 + Ł575ﬁŁ}89à#&#ñ#ŁôŁß8åD
 @ëó8¢åD
?>ë&|8ñ8#85Û;õﬁ8½ô@æµŁñrêÛã%+,85
æµãﬁ|æµŁ5Û
x
õﬁ8
M\K ﬁæµ53r +,89à#Ł 698
|Hx − id| ≤ Cr(x)−1−. åD
  ë
+ Ł5Û6ñﬃﬂ}õﬁ898#889à##Ł 69889à#êã%+,8ß8õﬁ6|857õõﬁ8ﬂ9æµãﬁñ#ßﬁãﬁñ8E:>ãﬁ578õﬁ69ñæµŁßààØ5798ñ²ﬁŁßõﬁ8
õﬁ8rﬃ9æµãﬁñ#ßﬁãﬁñ8 6Łßæµñ8;ﬃõﬁ69ñæµŁßàà²5798;#ñæµãﬁô@698;|æµãﬁñ + é7æµßæµ57æ oŁß8%98;êÛãﬁŁ5%+,6²Łﬂuµàß8
 µàFæµãﬁñ +,89à##Ł 698êã%+,æµ5¢ ôµŁﬁñæµãﬁô@698à#ãﬁñ	ß89àŁ57à#²5Ûæµ57àö>ñ²9ôŁ²#Łßæµ5ﬁ578ßà D7$5¢ﬂﬁñæµãﬁô@6ß8

 =

ï	 F  D <D   |³µ¹±
(M4, g)
´°|¯ ¾µ«Ø¹ ¬±O¬ 	ÛÝØ¶ﬁ¯®«  
 	¸¯®«®¹ ¯®°7°F¯ ²³µ¼¶l¸ 9±O¯r±O¯®¸§¸ß¯r»´7¯
∫
M
|Rm|2 rdvol <∞
¯±
∀x ∈M, ∀ t ≥ 1, At3 ≤ volB(x, t) ≤ Bt3
¾µ¯
0 < A ≤ B ﬁ  ¸³µ«Ø­¸ß¯Ø­&¸¾ ²¯±­ 9³µ°lÙÛ¾µ¼½¯®°u± ¾µ´>ø σx ³µ°u±´°F¯ 	³>¸ ³µ°F³µ¼;¹]¯ Hx ¬«Ø¹ ¾µ°u±
|Hx − id| ≤ Cr(x)−2.
	5Qò Ł%>+,89à#óﬁã7àóö@6576ñ²: ﬁñæµFæ>àŁ#Łßæµ5dà#ãﬁŁô>5Û8½ñ69õãﬁŁó + é7æµßæµ57æ oŁß8 ﬃ + Ł575ﬁŁã
à#Łß85798óõ757àß8& µõñ8&æ)( æµ5  + õﬁ6/75ﬁŁß8A+
 âu¨¤7¨)¡ ¨)© D <D
 =

 óâ ))¥Û§XúC X¥  %¨¥Û¨©%¨/§  ¥  §©%ð©%    |³µ¹±
(Mn, g)
´°|¯
 ¾>«Ø¹ ¬±O¬E«®¹]¯®¼¾µ°u°7¹]¯°7°F¯ ²³µ¼¶l¸ 9±O¯)¬®«®¹ ¾µ°u±
|Rm| = O(r−2−)
¾µ¯
 > 0
ﬁ }°­Ø´¶@¶³­ ¯3»9´  ¯®°  	¾@»´7¯o¶³µ¹°u±
x
Ùµ´ ³µ¼¶l¸ß¬®¼½¯®°u± ¾>¹§«¯bÙ ´° ³µ¼¶¾ 9±;Ù@¾µ°7­
M 
¹§¸ÝX¾X´°i´°7¹Ú»9´ﬁ¯3¸¾ ²¯±#Û¬#³ÙÛ¬Ø­Ø¹]»´7¯
σx
ÙÛ¯ﬀ¸ ³>°(µ´7¯®´«3¼;¹§°7¹¼¾µ¸ß¯
2 inj(x) ≤ 2I2 ﬁ

¸ ³µ«Ø­
¸ 	³µ¸ ³>°l³µ¼;¹]¯ Ô¸  ¹° 	°7¹/ÙÛ¯
M
¯Ø­®±±Ú«Ø¹  ¹]¾µ¸ß¯ ﬁ

= 
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ãﬁﬁ|æ>àæµ57à/57æµ5o#ñ#ŁôŁß8>D@ßæµñà>õ757à/9æµ57à##ñ#ã7#Łßæµ5¢õﬁ69ñ#Ł8ﬁã7à/éuãﬁ> +,6ß685
Hγ(∞)
õﬁ8
O(ToM)
5%+,89à#uµà) + Łßõﬁ85Û#Ł6>Dµç)æµãﬁñ	ß6ö@8ñß89à)69ñ#Ł#ãﬁñ89à æµ5EŁßõﬁ85Û#Ł u8ß89à)89àuµ989àC²5ﬁö@85à
ß8ﬂßæµ5ﬁöõãﬀñ²9è@æµ5
γ
uñß8#ñ²57à#|æµñ#uñ²ﬁﬀß8>DF$5ﬀrôãX:
Hγ(t) = Hγ(∞) +O(t−1).
åD
 @ë
çæµãﬁñ
t
ö>ñ²57õ#Ûæµ5½²é7æµŁßà#Ł9æµ5#Ł5
	 85ãﬁ578æµñ#Łß85Û²#Łßæµ52õãµ98òÚæµ57õ7 85²F85
γ(t) =: xt
8æµ5bﬁF8ß8
vt
 +,8 #ñ6oŁ6rõã ñ8ß8ô@6óõﬁ8
σt
õ757à
TxtM
à8ßæµ5.98#8&æµñ#Łß85Û²#Łßæµ5 
τt = τvt
õﬁ69à#Łö>578ñ²M +,6ß685ÛÔ9æµñ#ñ89àFæµ57õ75Ôõã_7à8ã7õﬁæµö>ñæµãﬁ|82ò]æµ57õ7 85Û² D%8ﬃß8 8 D
>D +XõŁ
êã78ﬂà#Ł
w
89àõﬁ8ﬂ57æµñ8ﬂŁ5ò]6ñ#Łß8ãﬁñ8 
t/4
ﬁŁCô@6ñ#Ł u8
∣∣τt(w)− vt −Hγ(t)(w)∣∣ ≤ Ct−2 inj(xt) |w| (inj(xt) + |w|).
)ô@89åD
 @ë8;ß|æµñ#578ﬂà#ãﬁñß8ﬂñ² è@æµ5ﬀõ+ Ł5)#89#ŁôŁ6uŁôŁß85
∣∣τt(w) − vt −Hγ(∞)(w)∣∣ ≤ Ct−1 |w| .
)ô@89
|τt(w) −w| ≥
∣∣Hγ(∞)(w) − w∣∣− |vt| − ∣∣τt(w)− vt −Hγ(∞)(w)∣∣ ,
æµ5ﬀæµßﬁ#Łß85
|τt(w)− w| ≥
∣∣Hγ(∞)(w)− w∣∣− I2 −Ct−1 |w| ,

 =
æ  8
Hγ(∞)
89à#ãﬁ5857õﬁæ æµñ#ﬁéﬁŁßà8æµñ##é7æµö@æµ5uﬁ57æµ5o#ñ#ŁôŁ µæµ5oF8ãﬁ#ñæµãﬁô@8ñ/ãﬁ5;ô@898ãﬁñ
w∞
õﬁ857æµñ8
1
àãﬁñ	ß89êÛã78
Hγ(∞)
ö>Ł9æ  8ãﬁ578ñæµ²#Łßæµ5ﬃõ+ 5ﬁö>ß8
θ
57æµ5#ñ#ŁôŁß8>Dçæ>àæµ57à
wt = 0.1tw∞
Dﬁßæµñà|æµãﬁñ
t
ö>ñ²57õ#7æµ5ﬀ
|τt(wt)− wt| ≥ 0.2t |sin θ/2| − C.
çñoß8¢ß8 8 D <D )ß8 8Eßﬁñ8 õﬁ8¢öÛã7é78289à#o9æ ouñ²ßﬁß8 
inj(expxt wt) ≤ I2
D/$ñ;ß8
8Eßﬁñ8õﬁ8õñæµŁ8857õ½ô@8ñà + Ł575ﬁŁ|êÛãu57õ
t
857õ½ô@8ñà + Ł575ﬁŁ:@>+,89à#}ß7à#ãﬁñõﬁ8õﬁæµ57
Hγ(∞)
89à# + Łßõﬁ85#Ł6>D

       ﬁﬀﬃﬂ), (+($#     ,.-  
$ﬂ  ﬁ#       , 	+ﬂ  #  *   ,* ﬀ'ﬂ 
 578&ﬁñ8oŁﬁﬀñ8&ò]  9æµ5.õﬁ8&õﬁ69ñ#Łñ8E;ö@69æ 6#ñ#Łß8óßæ ß8ó9æµ57àŁßà#8 oõŁñ8EêÛã%+,8ß8E89à#ﬁñæé78

ôã782õﬁ8ﬃßæµŁ5 */õ+ ãﬁ578ﬃö@69æ 6#ñ#Łß8 ﬁã7àoà#Ł oﬁß8>D$5_ôµ æµ5Û#ñ8ñ¢êÛã78ﬃ.ö@69æ 6#ñ#Łß8 ßæ ß8
õﬁ89à}8/1æµ57õñ885Ûàõﬁ89æõŁ 857à#Łßæµ5
1
êã7857æµã7à}6#ã7õŁßæµ57à89à#ﬁñæé78ﬁ85ﬃõŁßà#²5798&*ñæ æ ôû
!ã7àõﬁæµñ 1A7õﬁ8rö@69æ 6#ñ#Łß8ó8ã7ŁßõŁß85ﬁ578Eõ757à;õŁ 857à#Łßæµ53Ł  69õŁ885ÛŁ5òÚ6ñ#Łß8ãﬁñ8>D
$5_à#ãﬁﬁ|æ>à8ñ²3ãﬁ578ﬃõﬁ69ñæµŁßàà²57982ãﬁßﬁŁßêã78ﬃõﬁ8Ô.9æµãﬁñ#ßﬁãﬁñ8>D/C3ñ²Łßàæµ5_89à#;3à#ãﬁŁô>5Û8>D
$ãﬁßﬁŁßæµ57à;ãﬁ5 Ł57à#²5Û;ß89àrµ98àrö@69æõﬁ69àŁßêÛã789à;8rñ8öÛñõﬁæµ57à; 6#ñ#Łßêã78ﬃõ757àE3 ñ#8¢8 û
|æµ5785Û#Łß8ß8;85.ãﬁ53|æµŁ5Û
x
D|
Ł)Ô9æµãﬁñ#ßﬁãﬁñ8;89à#ß|æµñ#57698óuñ
Λ2
õ757à< æµ578E9æµ57à#Łßõﬁ6ñ698Fß8
#é769æµñﬃﬀ8õﬁ89æ ouñ²Łßàæµ5Ôã7àã78FõŁ}êÛã78 6#ñ#Łßêã78
exp∗x g
89à#9æ ouñ²ßﬁß85ó 6#ñ#Łßêã78
8ã7ŁßõŁß85ﬁ578
gx
u ô@89ﬂ +,89à##Ł 698
(
sinΛr
Λr
)2
gx ≤ exp∗x g ≤
(
sinhΛr
Λr
)2
gx
à#ãﬁñ2ãﬁ578X69é78ß8
r << Λ−1
Dæµ57Mß89à õŁßà#²57989à39æµñ#ñ89à#|æµ57õ75Û e989àﬀõﬁ8ã 6#ñ#Łßêã789à
ô@6ñ#Ł u85
sinΛr
Λr
dgx ≤ dexp∗x g ≤
sinhΛr
Λr
dgx ,
õ+,æ)(ﬀ853à#ãﬁß7à#²5798o: ∣∣dexp∗x g − dgx∣∣ ≤ CΛ2r2dgx .

Łæµ5Xô@8ãﬁóêÛã78 +,69 ñ#ó85Û#ñ8Ô989àóõﬁ8ãMõŁßà#²57989àóàæµŁ ½70æµñ6ouñóãﬁ5789æµ57à#²5Û8Ôà#ãﬁñ&ãﬁ578
69²é78ß8
r
 ŁÛò]ãﬁõﬁæµ57êÛã78
Λ2r2r
àæµŁ)ßFæµñ#576:98à#Łö>5ﬁŁ u8êÛã789æµãﬁñ#ßﬁãﬁñ8
Λ2
õﬁæµŁà +,89à##Ł 8ñ
uñ
r−3
DFæµ57óà#Łæµ5ﬀô@8ãﬁãﬁ578ó8ß8E89à##Ł ½#Łßæµ5bôµßﬁß8  +,69²é78ß8
r
½õŁßà#²5798Eõﬁ8ó +,æµñõñ8
õﬁ8
r
æµ5ﬀ89à# 8576 à#ãﬁﬁFæ>à²8ñêÛã78o9æµãﬁñ#ßﬁãﬁñ8óõﬁ69ñæ-:ß85
r−3
D
	57æµ5 9æµ57àõ+ ß|æµñõ ãﬁ5 ß8 8óêÛãﬁŁ)µà²à#ãﬁñ8ﬂêÛã78&ß89à6ß685Ûàõﬁ89à7à8ã7õﬁæû ö>ñæµãﬁ|89àòÚæµ57õ7 û
85²ãﬀêÛã7857æµã7à9æµ57àŁßõﬁ6ñ8ñæµ57ààæµ5ﬁñ89àêã78ﬂõﬁ89à#ñ²57à##Łßæµ57à D
ï	 F  D <D
 
  |³µ¹±
(Mn, g)
´°F¯ﬀ ¾µ«®¹ ¬±O¬ó«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ³>¼¶F¸ ±O¯r±O¯¸§¸ß¯r»´ﬁ¯
|Rm| = O(r−3)
¯±
∀x ∈M, ∀ t ≥ 1, Atn−1 ≤ volB(x, t) ≤ Btn−1

 
 =
¾µ¯
0 < A ≤ B ﬁ }°X­®´ ¶@¶ﬁ³­9¯ﬃ¾µ´­²­®¹»´ ¹¸¯#øµ¹§­®±O¯Ô´°F¯ ³µ°7­®± ¾µ°u±O¯ c > 1 ±O¯®¸§¸ß¯¢»´7¯½­Ø¹ γ ¯Ø­®±
´°3¸¾ ²¯9±¬#³ ÙÛ¬Ø­®¹Ú»9´ﬁ¯Ô·#¾­9¬;¯®°
x
¯±Ù¯&¸³µ°(>´ﬁ¯®´«
L ≤ c−1r(x)  ¾µ¸³µ«²­ﬂ¸ 	³µ¸ ³>°l³µ¼;¹]¯ H Ùµ´ ¸¾ ²¯±
¬«Ø¹ ¯
|H − id| ≤ cL
r(x)
.
Ø¸F¯øµ¹­±O¯ﬂ¾µ¸³µ«Ø­´° ³>¼¶ﬁ¾ 9±
K
Ù¯
M
¯±/ÙÛ¯Ø­ ³µ°ﬁ­± ¾µ°u±O¯Ø­ ¬#³µ¼½¬±Ú«®¹Ú»´7¯Ø­
J  L  κ > 0
±O¯¸§¸ß¯Ø­»´7¯
¶³>´«¢± ³µ´±	¶³µ¹°u±
x
Ù¯
M\K  ± ³µ´±ﬂ¬®¸ß¬®¼½¯®°u± τ Ùµ´2¶u­9¯®´ﬁÙ@³ µ«#³µ´ ¶7¯ 9³µ°lÙ@¾>¼¯°u± ¾µ¸ Γ(x, κr(x))
¬«Ø¹ ¯
∀w ∈ Bˆ(0, κr(x)), |τ(w)− tkvx(w)| ≤ J
³
vx
¯Ø­±/´°3«#¯¸¯*µ¬;ÙÛ¯¸ ¯ø>±Ú«#¬¼r¹Ú±O¬rÙ ´° «¯®¸ß¯*¬;ÙÛ¯
σx
¯±³
k
¯Ø­®±	´°M¯®°u±Ú¹ ¯®«°l¾>±Ú´«#¯®¸¼¾0Ü9³µ«¬
¶¾>«
Lr(x)
ﬁ

= 
6$
O
çñ;ﬁñæµ|æ>à#Ł#Łßæµ5 D <D
uæµ5 |8ãﬁ69ñ#Łñ8
τ = τkvx
7æ)(
vx
89à# +,8 #ñ6oŁ6óõ+ ãﬁ53ñ8ß8ô@6&õﬁ8
σx
8ﬂæ)(
k
89à#ãﬁ5M85Û#Łß8ñﬂ5u#ãﬁñ8/8/êã78
k ≤ Lr(x) DFçñß8rß8 8 D
>D +!Fæµ5Q½Fæµãﬁñæµãﬁ w
õﬁ8
Bˆ(0, r(x)/4)
:
∣∣τvx(w)− vx − p−1vx (w)∣∣ ≤ Cr(x)−3 |vx| |w| (|vx|+ |w|)
Cõﬁ69ñæµŁßàà²5798&ãﬁßﬁŁßêã78&õﬁ8ﬂ;9æµãﬁñ#ßﬁãﬁñ8&òÚæµãﬁñ#5ﬁŁö>ñµ98@2åD


ë:
∣∣p−1vx (w) − w∣∣ ≤ Cr(x)−2 |w| .
/539æ óßﬁŁ5u5Û989à89à##Ł 6989à7æµ5 æµßﬁ#Łß85Ûr:
|τvx(w) − tvx(w)| = |τvx(w) − vx −w| ≤ Cr(x)−2 |w|
çæµãﬁñæµãﬁ85#Łß8ñ5u#ãﬁñ8
i ≤ k uà#Ł%æµ52Fæ>à²8 ei = τ ivx − tivx
7æµ5ﬀrrò]æµñóãﬁß8
ei+1 − ei = e1 ◦ τ ivx .
)ô@89 ½7#æµñ²#Łßæµ5
∣∣τ ivx(w)∣∣ = d(τ ivx(w), 0) = d(τ−ivx (0), w) ≤ ∣∣τ−ivx (0)∣∣ + |w| ,
ŁôŁß85Û|æµãﬁñæµãﬁ
w
õﬁ8
Bˆ(0, κr(x))
:
|ei+1(w) − ei(w)| ≤ Cr(x)−2
∣∣τ ivx(w)∣∣ ≤ Cr(x)−1.
$5ﬀ85 õﬁ69õãﬁŁuññ69ãﬁñ#ñ85798 |ek(w)| ≤ Ckr(x)−1 89ô@89 k ≤ Lr(x) :
|τ(w)− tkvx(w)| =
∣∣∣τkvx(w)− kvx − w∣∣∣ = |ek(w)| ≤ C.

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(Mn, g)
´°|¯
 ¾>«Ø¹ ¬±O¬E«®¹]¯®¼¾µ°u°7¹]¯°7°F¯ ²³µ¼¶l¸ 9±O¯;±O¯®¸¸¯E»´7¯
|Rm| = O(r−3)
¯±
∀x ∈M, ∀ t ≥ 1, Atn−1 ≤ volB(x, t) ≤ Btn−1
¾µ¯
0 < A ≤ B ﬁ }°X­®´ ¶@¶ﬁ³­9¯ﬃ¾µ´­²­®¹»´ ¹¸¯#øµ¹§­®±O¯Ô´°F¯ ³µ°7­®± ¾µ°u±O¯ c > 1 ±O¯®¸§¸ß¯¢»´7¯½­Ø¹ γ ¯Ø­®±
´°3¸¾ ²¯9±¬#³ ÙÛ¬Ø­®¹Ú»9´ﬁ¯Ô·#¾­9¬;¯®°
x
¯±Ù¯&¸³µ°(>´ﬁ¯®´«
L ≤ c−1r(x)  ¾µ¸³µ«²­ﬂ¸ 	³µ¸ ³>°l³µ¼;¹]¯ H Ùµ´ ¸¾ ²¯±
¬«Ø¹ ¯
|H − id| ≤ cL
r(x)
.
Ø¸¯#øµ¹§­®±O¯Ô¾µ¸³µ«Ø­;´° ²³µ¼¶¾ 9±
K
ÙÛ¯
M
¯±ÙÛ¯Ø­ ³µ°7­®± ¾µ°u±O¯®­ ¬#³µ¼½¬±Ú«®¹Ú»´7¯Ø­
I  κ > 0
±O¯®¸¸¯®­»9´ﬁ¯
± ³µ´±l¶³µ¹°u±
x
ÙÛ¯
M\K ¶³­Ø­ #ÙÛ¯ﬂ´° ³µ¹­®¹§°F¾ Û¯ﬂ³µ´ ¯®«± Ω Ù@³µ°l±¸ ¾oÙµ¹§­®± ¾>° ²¯ }«#³µ¼³  &¾µ´­ÙÛ³µ« 
½´°|¯r·³µ´¸ß¯oÙÛ¯
R
n−1 ÙÛ¯ó«#¾µÝ@³µ° κr(x)
¯Ø­±	¼¾0Ü9³µ«¬¯¶¾µ«
I
ﬁ

= 
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é7æµŁßà#Łßà²àæµ57àãﬁ53ñ8ß8ô@6rõﬁ8
σx
õ757à
TxM
857æµæµ57à
vx
àæµ5b8 #ñ6oŁ6>D%$5MﬁF8ß8
H
 + éÛèû
|8ñ#ﬁ5 æµñ##é7æµö@æµ5u 
vx
8æµ5ﬃ57æµ8
v 7→ vH Eﬁñæ-#89#Łßæµ5 æµñ##é7æµö@æµ5uß8ﬂ8ã7ŁßõŁß85ﬁ578&à#ãﬁñ H
å|æµãﬁñ
gx
ë®D

Ł
y
89à#oãﬁ5_|æµŁ5Û¢õﬁ8
B(x, κr(x)/2)
æµ5hF8ãﬁ½ßæµñàÔõﬁ6/75ﬁŁñ
h(y)
9æ  8 ßuñ#è985Û#ñ8
å]	%578ë¢õﬁ89àﬃ|æµŁ5Ûà
vH
æµßﬁ85ã7à duñ##Łñ õﬁ89àﬃñ8ß8ô@69à
v
õﬁ8
y
õ757à
Bˆ(0, κr(x)/2)
D89Ł
õﬁ6/75ﬁŁãﬁ578ﬂﬁﬁŁß #Łßæµ5
h
õﬁ8
B(x, κr(x)/2)
õ757à
H ∼= Rn−1 åÚæµ5 óãﬁ5ﬁŁ H õﬁ8Eà##ñ#ã7#ãﬁñ8
8ã7ŁßõŁß85ﬁ578óŁ57õãﬁŁ8&uñ
gx = |.|2 ë®D
$5Qﬁ|8ß8
B
ß|æµãﬁß8;õﬁ8E985#ñ8
0
8ﬂõﬁ8Eñ²9è@æµ5
0.1κr(x)
õ757à
H
:
0.1κ
à8ñ²½ß8
κ
õﬁ8
 +,657æµ5796>Du$52|æ>à8857à#ãﬁŁ8
Ω := h−1(B)
D7$5ﬃô@8ãﬁô@æµŁñ}êã78
h : Ω −→ B 89à# + ﬁﬁñæ Ł ½ û
#Łßæµ5ﬀ*ñæ æôÛûO!ã7àõﬁæµñ 1b5ﬁ57æµ579698>Dﬁãﬁ#ñ885ÛõŁŁFò]ãﬁô@6ñ#Ł u8ñêÛã7898#8ﬂﬁﬁŁß #Łßæµ5
h
89à#õ+ Ł ½ö@8
I
ûOõﬁ857à8&8êã78 +,æµ53r|æµãﬁñæµã7à|æµŁ5Ûà
y
8
z
õﬁ8
Ω
:
|d(y, z)− |h(y)− h(z)|| ≤ I.
6 ﬃàŁ
v
89àãﬁ5ﬃ|æµŁ5Ûõﬁ8
B
æµ5ﬃàØŁuñß8ß8 8 D <D
 
ﬂêã78Fæµãﬁñ}æµãﬁ6ß685Û
τ = τkvx
õã 7à²8ã7õﬁæû ö>ñæµãﬁF8
Γ(x, κr(x))
uæµ53
|τ(v) − v − kvx| ≤ J
8õﬁæµ577uñß8ﬂ#é769æµñﬃﬀ8óõﬁ8ﬂç/è#éuö@æµñ8
|τ(v)H − v| ≤ J.
/5ﬀuµàà²5Ûã2ßuñ#è985#ñ8læµ52ñ69ãﬁ ﬀñ8
|h(expx v)− v| ≤ J.

Ł
d(v,H\B) > J 989Ł æµ5#ñ8 + ﬁuñ#85u578óõﬁ8 h(expx v)

B
õﬁæµ57õﬁ8
expx v

Ω
8
uñó9æµ57à²69êÛã785
d(v, h(Ω)) ≤ J D%/&9æ  8 {v ∈ B /d(v,H\B) > J} 89à# J ûOõﬁ857à8oõ757à
B
ﬁ989Łæµ5Û#ñ8EêÛã78
h(Ω)
89à#
2J
ûOõﬁ857à8&õ757à
B
D

 
 <
-bŁ5Û85u59æµ57àŁßõﬁ6ñæµ57à½õﬁ8ãeFæµŁ5à
y
8
z
õﬁ8
Ω
D/ç/ñ857æµ57à½õﬁ89àoñ8ß8ô@69à
v
8
w
õﬁ8
989àﬂ|æµŁ5ÛàEõ757à
B(x, κr(x)/2)
8ßà&êã78
d(v, w) = d(y, z)
Dæ  8Ł ûOõﬁ89àà#ã7àæµ5Xæµßﬁ#Łß85Û
|h(y)− vH | ≤ J 8 |h(z) − wH | ≤ J uõ+,æ)(
||h(y)− h(z)| − |vH − wH || ≤ 2J.
/5ﬀuñ##ŁßãﬁŁß8ñuæµ5ﬀ852#Łñ8
|h(y)− h(z)| ≤ |vH − wH |+ 2J ≤ |v − w|+ 2J.
çñ9æ ouñ²Łßàæµ5uæµ53
|v − w| ≤ Cr(x)
− 3
2 r(x)
sinCr(x)−
3
2 r(x)
d(v, w) ≤ (1 +Cr(x)−1) d(v, w)
õ+,æ)(
|v − w| ≤ d(v, w) + Cr(x)−1d(v, w) ≤ d(v, w) + C.
$5ﬀ85 õﬁ69õãﬁŁ
|h(y)− h(z)| ≤ d(v, w) + 2J + C = d(y, z) + 2J + C.

Ł	æµ5Mﬁñ857õ ½Ł585u5Û;õﬁ89àñ8ß8ô@69à
v′
8
w′
ﬃõŁßà²5798 oŁ5ﬁŁ ½ß8½õﬁ8
H
|æµ5Q|8ãﬁ&69ñ#Łñ8
ö>ñµ98óãﬀß8 8 D
>D 2: |v′ − v′H | ≤ C
8 |w′ − w′H | ≤ C
Du$5 85ﬀõﬁ69õãﬁŁó:
∣∣v′ − w′∣∣ ≤ ∣∣v′H − w′H ∣∣+ C
çñŁß8ãﬁñàÛóõŁßà#²579885Û#ñ8
y
8
z
89à# + Ł5Eã õﬁ89àõŁßà²57989à85#ñ8ß8ãﬁñàñ8ß8ô@69àõﬁæµ57
d(y, z) ≤ d(v′, w′) D7çñ9æ ouñ²Łßàæµ5uæµ5 #ñæµãﬁô@8ó9æ  8ﬂﬁã7àéuãﬁó:
d(v′, w′) ≤ ∣∣v′ − w′∣∣+ C.
)ô@89ﬂ989à#ñæµŁßàŁ576öÛŁ69à7ŁôŁß85Ûó:
d(y, z) ≤ ∣∣v′H − w′H ∣∣+ C
æ  8&æµ5. ∣∣|h(y)− h(z)| − ∣∣v′H − w′H ∣∣∣∣ ≤ 2J,
æµ53ñ#ñ#Łô@8@
d(y, z) ≤ |h(y)− h(z)| + 2J + C.
$53 æµ5#ñ6
|d(y, z)− |h(y)− h(z)|| ≤ I.
89ŁC9æµ57ãﬁ;ﬁñ8ãﬁô@8>D

+,6²F8rà#ãﬁŁô>5Û8ó9æµ57àŁßà#8@ñ6ö>ãﬁñ#Łßà8ñ + ﬁﬁñæ Ł ½#Łßæµ5X*ñæ æôÛûO!ã7àõﬁæµñ 1Xßæ ß8ó85
ãﬁ578%7ßﬁñ²#Łßæµ5Xßæ ß8êãﬁŁ/õﬁ69ñ#Łñ²ﬀ ô@89oãﬁ578;ßFæµ5ﬁ578ﬁñ69Łßà#Łßæµ5Q¢ö@69æ 6#ñ#Łß8ßæ ß8 ¢ + Ł575ﬁŁ D
)ôµ5Cõﬁ8/ﬁñæ969õﬁ8ñ }98#8	9æµ57à##ñ#ã7#Łßæµ557æµã7à%ﬁñæµ|æ>àæµ57à%ãﬁ5ﬂŁ58ñ ﬀ9õﬁ8ãﬁæµãﬁñ)õﬁ89àñ8#Łßæµ57à
85#ñ8&ãﬁ578éÛè|æµ#é!ﬀ9à8&õﬁ8&9æµãﬁñ#ßﬁãﬁñ8&8ß89àﬁñæµﬁñ#Łß669àõﬁ8ﬂEò]æµ57#Łßæµ5ﬀõŁßà#²5798 rãﬁ52FæµŁ5 D

 
 
        ﬂ -/, 
 ﬀ ﬀ - 	$#&! 	$#&ﬀ 
C8oß8 8à#ãﬁŁô>5Û&ñ69àã 8;ãﬁ5X98ñ#²Ł5Q57æ óßﬁñ8½õ+,89à##Ł ½#Łßæµ57àEõﬁ699æµãﬁ5Eõ+ éè|æµ#é!ﬀ9à89à
à#ãﬁñEﬀ9æµãﬁñ#ßﬁãﬁñ8>D%89à;89à##Ł 6989à (ã7à²êÛã%+   +,æµñõñ8Ôõﬁ8ãXàæµ5rµà²à#ŁßêÛã789àDCmuñ##Łñ;õﬁ8 +,æµñõñ8
#ñæµŁßà757æµã7à5%+ 9ô@æµ57àuµà#ñæµãﬁô@6&õﬁ8ﬂñ6®ò]6ñ857987õﬁæµ57ﬂ57æµã7àﬁñæµFæ>àæµ57àãﬁ578ﬁñ8ãﬁô@8>D
ï	 F  D <D
   F³µ¹ ¯®°u±}´°F¯¾µ«Ø¹ ¬±O¬«Ø¹ ¯®¼¾µ°7°u¹]¯®°u°F¯ ³µ¼¶l¸ ±O¯
(M, g) 
´° ¶³µ¹°u±
x
Ù¯
M
¯±´°3°l³>¼·«#¯
a ≥ 2 ±O¯®¸º­E»´7¯
inj(x) >  ≥ 1
¯±
∀ i ∈ [0, k], ∣∣∇i Rm∣∣ ≤ c−a−i
­®´«¸ ¾¢·#³µ´¸¯
B(x, )
ﬁF³µ¹Ú±
r
¸¾	³>° 9±Ú¹]³µ°
d(x, .)
¯9±­³µ¹Ú±
ρ = r2/2
ﬁ }°3¾¾µ¸³µ«Ø­´°F¯ ²³µ°ﬁ­®± ¾>°u±O¯
C
±O¯®¸¸¯r»´7¯&­Ø´« ²¯±]±O¯o·#³>´¸ß¯ 
 |dρ| = r ≤  

∣∣∇2ρ− g∣∣ ≤ Cr2−a ≤ C2−a 

¯±%¶³µ´«
3 ≤ i ≤ k  ∣∣∇iρ∣∣ ≤ C4−a−i ﬁ

= 
6$
O
Cﬁñ8oŁﬁﬀñ889à##Ł ½#Łßæµ589àŁñ88õﬁ8ãŁﬁﬀ889àãﬁ5;ñ69à#ãﬁ²/õﬁ8}9æ ouñ²Łßàæµ5µààŁßêÛã78
ﬃ,B
  ODç)æµãﬁñ¢ß89àÔ89à#Ł 6989àÔõ+,æµñõñ8.à#ãﬁ|6ñ#Łß8ãﬁñæµ5iŁ5Û#ñæõãﬁŁÔß8ﬀö>ñ²µõŁß85Û
N
õﬁ83bò]æµ57#Łßæµ5
r := d(x, .)
8æµ5bãﬁ#ŁŁßà8; +,69êãu#Łßæµ5Qõﬁ8;Łß9 #Ł|æµãﬁñ¢à899æµ57õﬁ8rò]æµñ8EòÚæµ57õ7 85²ß8õﬁ89à
à#ﬁé!ﬀñ89àö@69æõﬁ69à#Łßêã789à ∇N :
∇NS = −S2 −Rm(N, .)N.
ﬂ57àﬂ¢ﬁñ8ãﬁô@857æµã7àEµàà#Ł oŁßæµ57àﬂß89àò]æµñ89à&êãuµõñ²#ŁßêÛã789à@ﬃõﬁ89à&857õﬁæ æµñ#ﬁéﬁŁßà89àrà#è 6®û
#ñ#Łßêã789à D	
Łæµ5e9æµ57àŁßõ9ﬀñ8ﬃß8¢²éu ohõ+,857õﬁæ æµñ#ﬁéﬁŁßà89à
E := ∇2ρ − Id æµ5_ô@æµŁ;êã%+ Łà8
ñ6969ñ#Ł
E = dr ⊗N + rS − Id .

ŁCæµ52|æ>à8
V = grad ρ = rN
ﬁæµ5 æµßﬁ#Łß85Û +,69êãu#Łßæµ5
∇VE = −E −E2 −Rm(V, .)V.
/5ﬀ57æµ²5Ûrñ8#Łßæµ5 ∇V = Id+E 885369ñ#Łôµ5
∇V∇E = ∇∇VE −∇∇VE + Rm(V, .)E,
æµ5ﬀæµßﬁ#Łß85 +,69êãu#Łßæµ5
∇V∇E = −2∇E +E ∗ ∇E +∇Rm ∗V ∗ V + Rm ∗∇V ∗ V + Rm ∗V.
/53æµß7à8ñ#ôµ5êã78Fæµãﬁñ
k ≥ 2  ∇kV = ∇k−1E 7æµ53æµßﬁ#Łß85Ûuññ69ãﬁñ#ñ85798Ô:
∇V∇kE = − (k + 1)∇kE +
∑
i+j=k
∇iE ∗ ∇jE
+
∑
i+j+l=k
∇i Rm ∗∇jV ∗ ∇lV +
∑
i+j=k−1
∇i Rm ∗∇jV,

 
 +
|æµãﬁñæµãﬁ85Û#Łß8ñ5u#ãﬁñ8
k
Dl
Ł +,æµ5 |æ>à8
Fk = r
k+1∇kE  G = E/r 7æµ5.oŁ57à#Ł
∇NFk = G ∗ Fk +Hk
 ô@89
Hk = r
−2
k−1∑
i=1
Fi ∗ Fk−i + rk

 ∑
i+j+l=k
∇i Rm ∗∇j+1ρ ∗ ∇l+1ρ+
∑
i+j=k−1
∇i Rm ∗∇j+1ρ


Ł57à#Ł ß8ﬂßæµ5ﬁö½õ+ ãﬁ578&ö@69æõﬁ69à#Łßêã78uñ#²5Ûõﬁ8
x
ﬁæµ52#ñæµãﬁô@8
∂r |Fk| ≤ Ck |Fk| |G|+ |Hk|
89æ  8ﬂ +,89à#Ł 698,r +,æµñõñ8ó<;õŁêÛã78
r |G| 89à#|8#Łﬁæµ5 85 õﬁ69õãﬁŁãﬁ578ﬂ89à##Ł 698ﬂõã2è|8
|Fk| ≤ Ckr sup |Hk| Du$5 ô> æµ5Û#ñ8ñuññ69ãﬁñ#ñ85798& +,89à##Ł ½#Łßæµ5
|Fk| ≤ Ckrk+12−a−k
êãﬁŁ5%+,89à#ñ#Łß85ﬀõ+ ãﬁ#ñ8óêÛã78 ∣∣∣∇kE∣∣∣ ≤ Ck2−a−k,
æµãﬀ8579æµñ8 ∣∣∣∇k+2ρ∣∣∣ ≤ Ck4−a−(k+2).
$5 ãﬁñ²;õﬁæµ57 75ﬁŁ D	+ Ł5ﬁŁ#ŁŁßà²#Łßæµ5då
k = 0
ëõﬁ699æµãﬁß8&õﬁ8 +,89à##Ł 698,E +,æµñõñ8
2
à#ãﬁñ
ρ
D7
ãﬁﬁ|æû
àæµ57à ½Ł5Û85u5ß89à89à##Ł 6989à (ã7àêã%+ ﬂ +,æµñõñ8
k− 1 DÛ' + Łßõﬁ8õﬁ8 + éÛèFæµ#é!ﬀ9à8õﬁ8ñ69ãﬁñ#ñ85798
8õﬁ89à;ß|æµñ#5789àoà#ãﬁñ;b9æµãﬁñ#ßﬁãﬁñ8/æµ5ñ#ñ#Łô@8 3ßFæµñ#578ñ
Hk
 3ãﬁ57829æµ57à#²5Û8 Eãﬁ#ŁﬁŁß #Łô@8
ﬁñﬃﬀ9à7uñ&:
r−2rk+24−2a−k + rk
(
−a−k+4−a−1+4−a−1 + −a−k+1+4−a−1
)
õ+,æ)(
|Hk| ≤ Ckrk
(
4−2a−k + 4−2a−k+2−a + 4−2a−k
)
.
)ô@89
a ≥ 2 ŁôŁß85Û2õﬁæµ57 |Hk| ≤ Ckrk4−2a−k ≤ Ckrk2−a−k D85iñ69àãﬁ8 |Fk| ≤
Ckr
k+12−a−k
ﬁõ+,æ)(ﬀß8ﬂñ69à#ãﬁ² D

;+ ãﬁ#ñ8uñ#ﬁ!rD &ãﬁﬃ &ã  C æµ5Û#ñ6&êã%+,æµ5ﬃF8ãﬁ9æµ5#ñﬃ2µß8ñß89à9æ8*%½Łß85àõﬁ8óéﬁñ#Łßà0û
æ-18785 ñ#88 Fæµ5785#Łß8ß8à#Łﬁæµ5à²Ł/ß|æµñ#578ñ
Rm
8 ∇Rm D>$5½ãﬁ#ŁŁßà8ñ²àæµ5oñ69à#ãﬁ²à²æµã7à
rò]æµñ8ﬂà#ãﬁŁô>5Û8
 âu¨¤7¨)¡ ¨)© D <D
 +  F³µ¹ ¯®°u±}´°F¯ ¾>«Ø¹ ¬±O¬«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ³µ¼¶l¸ ±O¯
(M, g) 
´°2¶³µ¹°u±
x
ÙÛ¯
M
¯±´°.°l³µ¼½·®«¯
a ≥ 2 ±O¯®¸º­ó»´7¯
|Rm| ≤ c−a ¯± |∇Rm| ≤ c−a−1
­®´«¸¾;·#³µ´¸¯
B(x, ) 
¾ ¯
 ≥ 1 ﬁ }° ¾r¾µ¸ ³>«²­´°F¯ ³µ°ﬁ­± ¾µ°u±O¯ C ±O¯®¸¸¯»´7¯­Ø´«¸¾r·#³>´¸ß¯ Bˆ(0, )
ÙÛ¯
TxM

¸ ¾ ²³µ°7°F¯#ø>¹Ú³µ° ∇gˆ ÙÛ¯¸¾r¼¬9±Ú«Ø¹]»´7¯ gˆ = exp∗x g
­9¯ ²³µ¼¶¾µ«¯ ;¸¾ ³µ°7°|¯#øµ¹]³µ°;¶l¸¾>±O¯ ∇0
¶¾>« ∣∣∣∇gˆ −∇0∣∣∣ ≤ C1−a.
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$5#Łñ8ﬀõﬁ83989Łãﬁ5 8Łß8ãﬁñﬃ9æµ5Û#ñﬃ2µß8.à#ãﬁñMòÚæµ57#Łßæµ5iõŁßà#²5798 bãﬁ5|æµŁ5Ûõ757àß8
²5ﬁö@85 D
ï	 F  D <D


 F³µ¹ ¯®°u±}´°F¯¾µ«Ø¹ ¬±O¬«Ø¹ ¯®¼¾µ°7°u¹]¯®°u°F¯ ³µ¼¶l¸ ±O¯
(M, g) 
´° ¶³µ¹°u±
x
Ù¯
M
¯±´°3°l³>¼·«#¯
a ≥ 2 ±O¯®¸º­E»´7¯
|Rm| ≤ c−a ¯± |∇Rm| ≤ c−a−1
­®´«¸¾Ô·#³µ´¸ß¯
B(x, ) 
¾¯ 
 ≥ 1 ﬁ}°3¾Ô¾µ¸³µ«²­´°F¯ ³>°ﬁ­®± ¾µ°l±O¯ C ±O¯®¸§¸ß¯&»9´ﬁ¯ﬂ­Ø¹ v ¯± w ­9³µ°u±	ÙÛ¯Ø­
¬®¸ß¬®¼½¯®°u±­EÙ¯
Bˆ(0, C−1) 
¼;´°7¹Ù¯
gˆ 
¾>¸ ³µ«Ø­
|(dρv)w − gx(w − v, .)| ≤ C3−a.

= 
6$
O
/5Ôé7æµŁßà#ŁßààØ5Û
C
µà²à8 <ö>ñ²57õ#Ûæµ5½µààãﬁñ89æµ5Ûô@8 Ł6õﬁ8ß|æµãﬁß89æµ57à#Łßõﬁ6ñ698>D	+,8 ﬁñ89àà#Łßæµ5
8 7µ8&õﬁ8oõŁ 16ñ85Û#Łß8ß8E9æµ57à#Łßõﬁ6ñ698ó89à#
(dρv)w = −gˆw(Exp−1w v, .),
æ)(
Exp
õﬁ69à#Łö>578 +,8 |æµ5785Û#Łß8ß8ÔFæµãﬁñ
gˆ
D%çñr9æ ouñ²Łßàæµ5iåÚ8r9ô@89 + Łßõﬁ85#Ł u #Łßæµ5_ 57æû
5ﬁŁßêã78&õﬁ89à89à#uµ989à²5ﬁö@85Ûà rãﬁ5ﬀ89à#uµ98ﬂô@89æµñ#Łß8) ô@89&ãﬁŁ û  ﬂ8ë/læµ5ﬀ
|gˆw − gx| ≤ C−a2 = C2−a. åD <>=@ë
æµæµ57à
γ
ß8Ôuñ² 6#ñ²ö@82õﬁ8ﬀö@69æõﬁ69àŁßêÛã78ÔŁ5Û
w

v
85 ãﬁ5d8o7à
1
D/$5 õŁßàFæ>à8Ôõﬁ8
 +,69êãu#Łßæµ5 ö@69æõﬁ69à#ŁßêÛã78 ∇gˆγ˙ γ˙ = 0
7êã%+,æµ5 F8ãﬁñ6969ñ#Łñ8
γ¨ +
(
∇gˆγ˙ −∇0
)
γ˙ = 0.
)ô@89åD <D
 +ë/7ŁôŁß85Û
|γ¨| ≤ C1−a2 = C3−a.
C;òÚæµñEãﬁß8&õﬁ8&) èßæµñ
γ(1) − γ(0) − γ˙(0) =
∫ 1
0
(1− t)γ¨(t)dt
ò]æµãﬁñ#5ﬁŁßæµñà ∣∣v − w − Exp−1w v∣∣ ≤ C3−a.
çæµãﬁñ9æµ57ãﬁñ87æµ5369ñ#Ł
|(dρv)w − gx(w − v, .)| =
∣∣gˆw(Exp−1w v, .) − gx(v − w, .)∣∣
≤ ∣∣(gˆw − gx)(Exp−1w v, .)∣∣ + ∣∣gx(Exp−1w v, .)− gx(v − w, .)∣∣
≤ C2−a+ C3−a
≤ C3−a.

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98Eñ69à#ãﬁ²ö@6576ñ²õﬁ8ô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ñæ æ ôûO!ã7àõﬁæµñ 1¢êÛã78
57æµã7àñ6ö>ãﬁñ#Łßàæµ57à Dl89à89éﬁ5ﬁŁßêã789à5769989àà#Ł85é76µàãﬁ5ﬀ9æµ5Û#ñﬃ2µß8Eõﬁ89àõﬁ6ñ#Łô@6989à9æôµñ#Ł589à
õﬁ8}ﬂ9æµãﬁñ#ßﬁãﬁñ8 Ûæµ5oãﬁ#ŁŁßà8ñ²,ﬁß8Ł5ß8}uñ²ö>ñ²ﬁé78ﬁñ69969õﬁ85Û DÛ789à#	8579æµãﬁñ²ö@8 5õﬁ857æµ8ñ
êã78&ß89à89à##Ł 6989àà#ãﬁñß89àõﬁ6ñ#Łô@6989à9æ ô>ñ#Ł5Û89àﬂõﬁ8EÔ9æµãﬁñ#ßﬁãﬁñ8Eàæµ5ãﬁæ ½#Łßêã789à|æµãﬁñß89à
Ł57à#²5æµ57àö>ñ² ôŁ²#Łßæµ5ﬁ578ßàD
ç	ñ69Łßàæµ57à½ãﬁ5FæµŁ5Ôõﬁ8ﬀô@æ ßﬁãﬁŁñ8>D$5õŁñ²Qêã78
f
89à#Ôãﬁ578 à#ãﬁß 8ñà#Łßæµ5
C
û ﬁñ89à²êÛã78
ñ#Łß8½5ﬁ5ﬁŁß85ﬁ578QàŁ
f
89à#ﬃãﬁ578Mà#ãﬁß 8ñà#Łßæµ5'8ß8Mêã78.Fæµãﬁñﬃæµãﬁ2ô@898ãﬁñ
v
é7æµñ#Ł < æµ5²ÔåŁ D,8>D
æµñ##é7æµö@æµ5uã 7ßﬁñ89àØë/uæµ53
e−C |v| ≤ |dfx(v)| ≤ eC |v| .
 âu¨¤7¨)¡ ¨)© D <D
 

}
lâF§¨©¥¨)¦l)¥   |³µ¹±
(Mn, g)
´°F¯  ¾µ«®¹]¬9±O¬r«Ø¹ ¯®¼¾µ°7°u¹]¯®°u°F¯
³>¼¶F¸ ±O¯r±O¯¸§¸ß¯r»´ﬁ¯
|Rm| = O(r−3) ¯9± |∇Rm| = O(r−4)
¯±
∀x ∈M, ∀ t ≥ 1, Atn−1 ≤ volB(x, t) ≤ Btn−1
¾µ¯
0 < A ≤ B ﬁ }°X­®´ ¶@¶ﬁ³­9¯ﬃ¾µ´­²­®¹»´ ¹¸¯#øµ¹§­®±O¯Ô´°F¯ ³µ°7­®± ¾µ°u±O¯ c > 1 ±O¯®¸§¸ß¯¢»´7¯½­Ø¹ γ ¯Ø­®±
´°3¸¾ ²¯9±¬#³ ÙÛ¬Ø­®¹Ú»9´ﬁ¯Ô·#¾­9¬;¯®°
x
¯±Ù¯&¸³µ°(>´ﬁ¯®´«
L ≤ c−1r(x)  ¾µ¸³µ«²­ﬂ¸ 	³µ¸ ³>°l³µ¼;¹]¯ H Ùµ´ ¸¾ ²¯±
¬«Ø¹ ¯
|H − id| ≤ cL
r(x)
.
Ø¸¯#øµ¹§­®±O¯2¾µ¸³µ«Ø­½´° ²³µ¼¶¾ 9±
K
ÙÛ¯
M
¯9±´°_°l³µ¼½·®«¯
κ > 0
±O¯®¸}»´7¯ó¶³µ´«¢± ³>´±¶³µ¹°u±
x
ÙÛ¯
M\K  ³µ°¶ﬁ¯®´±±Ú«#³µ´ ¯®«E´°F¯·®«#¾>±Ú¹]³µ°Q¯®° Ø¯®« 9¸¯Ø­ fx : Ωx −→ Bx ÙÛ¬ 	°7¹ ¯­®´«ﬂ´° ³µ¹­®¹§°F¾ Û¯
³µ´ ¯®«±
Ωx
ÙÛ¯
x
¯±   ¾µ¸ß¯®´«²­2Ù@¾µ°ﬁ­½¸¾M·#³µ´¸¯3¯®´ ¸º¹]Ùµ¹ ¯®°7°F¯
Bx
ÙÛ¯¢«#¾µÝ@³µ°
κr(x)
Ù@¾µ°7­
R
n−1 
¾µ¯r¸¯®­}¶l«0³®¶l«Ø¹ ¬±O¬Ø­ó­Ø´¹  ¾>°u±O¯Ø­ ﬁ
 fx
¯Ø­®±´°F¯&­Ø´7·®¼½¯®«²­®¹Ú³>°
Cr(x)−1
¶l«¯Ø­9»´ﬁ¯E«®¹ ¯®¼¾µ°7°7¹ ¯®°7°F¯ ﬁ

|¯Ø­}·®«#¯®­­9³µ°u±/ÙÛ¯Ø­­9³µ´­  ¾µ«Ø¹ ¬±O¬Ø­&Ùµ¹ ¬#³µ¼³µ«O¶ 	¯Ø­ 
S
1  ÙÛ¯¸ ³>°(µ´7¯®´«¼;¹°l³µ«¬¯¶¾>« C−1
¯±¼o¾#Ü³µ«¬¯¶¾µ«
C
ﬁ

∣∣∇2fx∣∣ ≤ Cr(x)−2 ﬁ
)¯Ø­ ³>°ﬁ­®± ¾µ°l±O¯Ø­
κ
¯9±
C
ÙÛ¬O¶ﬁ¯®°FÙÛ¯®°u±óÙ¯
n
¯9±&ÙÛ¯Ø­2·³µ«Ø°|¯Ø­Ô­®´«Ô¸ ¾ ³µ´«9·®´«¯.¯9±¸ß¯  ³>¸º´¼½¯ ÙÛ¯Ø­
·#³>´¸ß¯Ø­)Ô¸ ¹° 	°7¹ ﬁu¹	ÙÛ¯¶l¸º´­

³µ°b¾
∀ i ≥ 2, ∣∣∇i Rm∣∣ = O(r−2−i),
¾µ¸³µ«Ø­&¹§¸)¯øµ¹­±O¯rÙÛ¯Ø­ ³µ°7­®± ¾µ°u±O¯®­
Ci
±O¯®¸§¸ß¯Ø­E»´7¯
∀i ≥ 3, ∣∣∇ifx∣∣ ≤ Cir(x)1−i.
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ﬁ89àß|æµ5.õﬁ8E57æµ8ñﬂêÛã78rß89àéÛè|æµ#é!ﬀ9à89àõﬁ8rõﬁ69ñæµŁßà²à²5798;õﬁ8EÔ9æµãﬁñ#ßﬁãﬁñ8
àæµ5;ô@6ñ#Ł u6989à;uñrß89àrô>ñ#Łß669à;Łß9Ł}ﬁ89à 39æµãﬁñ#ßﬁãﬁñ82õ757à
L
n
2 (rdvol)
åuño8 ﬁ8oﬁß8 
õﬁ69ñæµŁßààØ5798&à#ãﬁñêãuµõñ²#ŁßêÛã78ë®D

= 
6$
O
ﬂ57à/ﬁñ8ãﬁô@8õﬁ8 D <D
 <Ûæµ5½Ł5Û#ñæõãﬁŁãﬁ578ò]æµ57#Łßæµ5
h
õﬁ6/75ﬁŁß8à#ãﬁñ/ãﬁ578}ß|æµãﬁß8
B(x, κr(x))
8'ôµß8ãﬁñàõ757à + éè|8ñ#ﬁ5
H
æµñ##é7æµö@æµ5u# +,8 #ñ6oŁ6
vx
õ+ ãﬁ5Ôñ8ß8ô@6õﬁ8
σx
õ757à
TxM
åÚ®ò#Dﬁﬁñ8ãﬁô@8óõﬁ8 D <D
 <@ë u98éè|8ñ#ﬁ5
H
õﬁ8
TxM
89à#Łßõﬁ85#Ł u6 o +,89à#uµ98&8ã7ŁßõŁß85
R
n−1 
ö>ñµ98 r 6#ñ#ŁßêÛã78ﬂŁ57õãﬁŁ8&uñ
gx
D
$52à8  ﬁ8ãﬁ578ò]æµ57#Łßæµ5ﬃõﬁ69ñæµŁßà²à²5Û8Łßàà²8
χ
õﬁ8
R+
õ757à
R+
êãﬁŁlô>ãﬁ
1
à#ãﬁñ
[0, 1/3]
8
0
ãQõﬁ8ﬃõﬁ8
2/3
D)$5Qà8@ 8rãﬁ578o69²é78ß8õﬁ8;ßæµ5ﬁö>ã78ãﬁñ
 := 0.1κr(x)
8&æµ5bFæ>à²8
χ(t) =
χ(t/2)
DF$52ñ8½ñêÛã78ñ²½êÛã78ß89àõﬁ6ñ#Łô@6989àõﬁ8&98#8ò]æµ57#Łßæµ5ﬀà +,89à##Ł 85uñó:
∣∣∣χ(k) ∣∣∣ ≤ Ck−2k. åD <&
ë
$539æµ57à#Łßõ9ﬀñ8óßæµñàEò]æµ57#Łßæµ5ﬀõﬁ6/75ﬁŁß8&àãﬁñ
B(x, κr(x))
uñó:
f(y) :=
∫
TyM
h(expy v)χ(d(0, v)
2/2)dvol(v)∫
TyM
χ(d(0, v)2/2)dvol(v)
.
(Ł 
dvol
8
d
àæµ5Û& 89à#ãﬁñ88&ﬃõŁßà#²5798¢µààæŁß6989à,
exp∗y g
D)
Ł
w
89à#&ãﬁ5Qñ8ß8ô@6õﬁ8
y
õ757à
TxM
ﬁæµ52|8ãﬁ8/189#ã78ñãﬁ5ﬀ²éu5ﬁö@885Ûõﬁ8ôµñ#Łßﬁß8 o + Łßõﬁ8&õﬁ8 + Łßàæ 6#ñ#Łß8
τw := Expw ◦ (Tw expx)−1
85#ñ8
(TyM, exp
∗
y g)
8
(TxM, exp
∗
x g)
DO5#ñæõãﬁŁßà²æµ57à	|æµãﬁñ½éuµêã78 |æµŁ5Û
v
õﬁ8
TxM
/
ò]æµ57#Łßæµ5
ρv :=
d(v,.)2
2
8|æ>àæµ57à
fˆ := f ◦ expx

hˆ := h◦ expx
D$5½æµßﬁ#Łß85ÛßæµñàòÚæµñEãﬁß8ó:
f(y) = fˆ(w) =
∫
TxM
hˆ(v)χ(ρv(w))dvol(v)∫
TxM
χ(ρv(w))dvol(v)
.
89Ł@|8ñ8)õﬁ8	#ñ²9ô>Łß8ñ)à#ãﬁñãﬁ5ó89àuµ988ã7ŁßõŁß85, ﬁ6
(TxM, gx)
D C 89à#ãﬁñ8	ñ#Łß8½5ﬁ5ﬁŁß85ﬁ578
dvol
F8ãﬁ ﬂ#ñ8ó9æ ouñ698%o 89à#ãﬁñ8Eõﬁ8ó%8ß|89à#ö>ã78
dv
:uà#ãﬁñãﬁ578E69é78ß8;õﬁ8ﬂßæµ5ﬁö>ã78ãﬁñ

uàŁ
o9æµãﬁñ#ßﬁãﬁñ8ó89à#ßFæµñ#57698&uñ
Λ2
7æµ5ﬀ
(
sinΛ
Λ
)n
dv ≤ dvol ≤
(
sinhΛ
Λ
)n
dv.
Cﬀõﬁ69ñæµŁßàà²5798ãﬁßﬁŁßêã78½õﬁ829æµãﬁñ#ßﬁãﬁñ8Ôõﬁæµ5ﬁ578ãﬁ5
Λ
õﬁ8½ +,æµñõñ8õﬁ8
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−C−1dv ≤ dvol − dv ≤ C−1dv. åD <><@ë
8  ﬂ8uæµ52|8ãﬁ9æ ouñ8ñß89àõŁßà#²57989à8ã7ŁßõŁß85ﬁ5789à8ñ#Łß8½5ﬁ5ﬁŁß85ﬁ5789àuñ
|d(v, w) − |v − w|| ≤ CΛ22d(v, w) ≤ C,

 


õ+,æ)( ∣∣∣ρv(w) − |v − w|2 /2∣∣∣ ≤ C. åD <@ë
/575Eﬁñ8ãﬁô@8õﬁ8 D <D
 < æµ5Û#ñ8ﬂêã78
hˆ
89à#ﬁñæé78ﬂõ+ ãﬁ578ﬁñæ-#89#Łßæµ5 8ã7ŁßõŁß85ﬁ578ﬂà#ãﬁñ
H
:
∣∣∣hˆ(v)− vH ∣∣∣ ≤ C. åD <!+ë
$5 |8ãﬁ69ñ#Łñ8
∫
hˆ(v)χ(ρv(w))dvol(v) =
∫
hˆ(v)χ(ρv(w))(dvol(v) − dv)
+
∫
hˆ(v)
(
χ(ρv(w)) − χ(|v − w|2 /2)
)
dv
+
∫
(hˆ(v)− vH)χ(|v − w|2 /2)dv
+
∫
vHχ(|v − w|2 /2)dv.
%82àãﬁﬁFæµñ#õﬁ8
v 7→ χ(ρv(w)) 89à#oŁ57ã7àoõ757àoãﬁ578ﬃß|æµãﬁß82õﬁ8Ôñ² è@æµ59æ ouñ²ßﬁß8    hˆ
ﬁñ857õñ²Ôõﬁæµ57óà89àôµß8ãﬁñàõ757àãﬁ578óßFæµãﬁß8Eõﬁ8&²Łß8ó9æ ouñ²ßﬁß8%

DlCô@89ÔåD <><@ë/læµ5 |8ãﬁ
õﬁæµ57 ½7#æµñ8ñß8ﬁñ8oŁß8ñ}8ñ8õã 8Eßﬁñ8ﬂõﬁ8õñæµŁ8uñ
C · −1 · n = Cn DCô@89;åD <&
ë
8;åD <@ë/læµ53ßFæµñ#578óß8óõﬁ8ãŁﬁﬀ8&8ñ8Euñ
C · −2 ·  · n = Cn Du/575åD <!+ë9æµ5Û#ñﬃ2µß8
ß8ﬂ#ñæµŁßàŁﬁﬀ8ﬂ8ñ8ﬂuñ
Cn
Du$5ﬀæµßﬁ#Łß85E:
∫
hˆ(v)χ(ρv(w))dvol(v) =
∫
vHχ(|v − w|2 /2)dv +O(n),
æ)( O(n) õﬁ69à#Łö>578ﬂãﬁ578ó8ñ#ñ8ãﬁñ ½70æµñ698&uñ Cn D
*ñµ98 2åD <><@ë/)åD <&
ë}8óåD <@ë/læµ5 æµßﬁ#Łß85Ûõﬁ8  ﬂ8
∫
TxM
χ(ρv(w))dvol(v) =
∫
χ(|v −w|2 /2)dv +O(n−1).
	575u85257æµ²5Ûß89àæµñõñ89àõﬁ8ö>ñ²57õﬁ8ãﬁñ
∫
vHχ(|v − w|2 /2)dv = O(n+1)
8
C−1n ≤
∫
χ(|v − w|2 /2)dv ≤ Cn,
æµ5ﬀ85 9æµ57ãﬁêÛã78
fˆ(w) =
∫
vHχ(|v − w|2 /2)dv∫
χ(|v − w|2 /2)dv
+O(1)
çñß8ﬂ²éu5ﬁö@885Ûõﬁ8ﬂôµñ#Łßﬁß8
z = v − w ﬁæµ5ﬀ85ﬀõﬁ69õãﬁŁó:
fˆ(w) − wH =
∫
zHχ(|z|2 /2)dz∫
χ(|z|2 /2)dz︸ ︷︷ ︸
=0    	
+O(1),
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fˆ(w) = wH +O(1). åD <  ë
)oõŁ 1|6ñ85#Łß8ß8óõﬁ8
fˆ
à +,69ñ#Ł
dfˆw =
∫
(hˆ(v)− fˆ(w))χ′(ρv(w))(dρv)wdvol(v)∫
χ(ρv(w))dvol(v)
.
/5ﬃﬁñæ969õ75Ûã  ﬂ8OèF8õ+ ﬁﬁñæ Ł ½#Łßæµ57àﬁßuµà²6989àà#ãﬁñåD

ë/åD <&
ë/%åD <@ë/åD <D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ë/
åD <!+ë}8råD <

ë/7æµ5ﬀæµßﬁ#Łß85Û
dfˆw = −
∫
zHχ
′
(|z|2 /2)(z, .)dz∫
χ(|z|2 /2)dz
+O(−1). åD <@ë
æµ5ﬁ57æµ57à57æµã7àãﬁ578óßuµà8óæµñ##é7æµ57æµñ698
(e1, . . . , en)
õﬁ8
TxM
F9ô@89
en⊥H Dl
Ł i 6= j læµ5
ruñuñ#Ł6 ∫
ziχ
′
(|z|2 /2)zjdz = 0.
çñ9æµ5#ñ8ﬁãﬁ578ﬂŁ5Û6ö>ñ²#Łßæµ5.uñuñ##Łß8óõﬁæµ5ﬁ578&Fæµãﬁñæµãﬁ
α ≥ 0∫ ∞
−∞
z2i χ
′
(z
2
i /2 + α)dzi = −
∫ ∞
−∞
χ(z
2
i /2 + α)dzi,
õﬁ8&à²æµñ#8ﬂêÛã78
−
∫
z2i χ
′
(|z|2 /2)dz =
∫
χ(|z|2 /2)dz.
8oàŁö>5ﬁŁ u8&êÛã%+,æµ5ﬀoﬁñ69Łßà685Ûr:
−
∫
zHχ
′
(|z|2 /2)(z, .)dz∫
χ(|z|2 /2)dz
=
n−1∑
i=1
ei ⊗ (ei, .).
ãﬁ#ñ885ÛõŁ7985%+,89à#ñ#Łß85ﬀõ+ ãﬁ#ñ8óêÛã78;ﬁñæ-#89#Łßæµ5ﬀà#ãﬁñ
H
Dl$5 85ﬀõﬁ69õãﬁŁ
dfˆw =
n−1∑
i=1
ei ⊗ (ei, .) +O(−1)
)ô@89oåD <>=@ë/989Ł|ﬁñæµãﬁô@8êã78
fˆ
8õﬁæµ57
f
åﬁãﬁŁßàêÛã78
exp
89à#}ãﬁ578Łßàæ 6#ñ#Łß8ßæ ß8ëàæµ5õﬁ89à
à#ãﬁß 8ñàŁßæµ57à
C−1
û ﬁñ89àêÛã78ñ#Łß8½5ﬁ5ﬁŁß85ﬁ5789àD
)oõﬁ6ñ#Łô@698&õ+,æµñõñ8E<;à+,69ñ#Łó:
∇2fˆw =
∫
(hˆ(v)− fˆ(w)) (χ′′ (ρv(w))(dρv)w ⊗ (dρv)w + χ′(ρv(w))(∇2ρv)w) dvol(v)∫
χ(ρv(w))dvol(v)
− 2dfˆw ⊗
∫
χ′(ρv(w))(dρv)w)dvol(v)∫
χ(ρv(w))dvol(v)
.
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∇2fˆw =
∫
zH
(
χ′′ (|z|2 /2)(z, .) ⊗ (z, .) + χ′(|z|2 /2)(., .)
)
dz∫
χ(|z|2 /2)dz
− 2dfˆw ⊗
∫
χ′(|z|2 /2)(z, .)dz∫
χ(|z|2 /2)dz
+O(−2).
çæµãﬁñ9æ  85798ñlæµ5ﬀ;uñuñ#Ł6:
∫
χ′(|z|2 /2)(z, .)dz = 0
8 ∫
zHχ
′
(|z|2 /2)(., .)dz = 0.
C
i
û ﬀ8&9æ oFæ>àØ5Û8óõﬁ8 + Ł56ö>ñ²ß8
∫
zHχ
′′
 (|z|2 /2)(z, .) ⊗ (z, .)
à +,69ñ#Ł9æ  8&àæ  8&õﬁ88ñ89àõã OèF8
(∫
zizjzkχ
′′
 (|z|2 /2)dz1 . . . dzn
)
(ej , .)⊗ (ek, .),
êãﬁŁ%àæµ5Û5Ûãﬁßàuñuñ#Ł6>D7æµ57:
∇2fˆw = O(−2).
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ﬁ  ﬂﬁ u¹)³µ°ﬃ­ ¯Ù@³µ°7°|¯Ù¯®´µø¶³µ¹°u±­
x
¯±
x′
Ù@¾µ°ﬁ­
M\K  oÙµ¹§­®± ¾µ° Ø¯
¼¾0Ü9³µ«¬¯Ô¶¾>«
κr(x) 
­Ø¹E³µ°'°F³>±O¯
Ωx,x′
¸  ¹§°l±O¯®«²­ ¯9±Ú¹]³µ°jÙÛ¯Ø­b³µ´(µ¯®«®±­
Ωx
¯±
Ωx′
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¾µ¸³µ«Ø­½¹¸	Ý.¾.´°F¯
Cr(x)−1
0»´ﬁ¾­Ø¹ O¹§­³µ¼½¬±Ú«®¹ ¯
φx,x′
¯°u±Ú«#¯ﬃ¸¯Ø­ﬃ³µ´(µ¯®«®±­
fx′(Ωx,x′)
¯±
fx(Ωx,x′)
»´¹ ¬®«®¹ ¯ ∣∣fx − φx,x′ ◦ fx′∣∣ ≤ C,∣∣Dfx −Dφx,x′ ◦Dfx′∣∣ ≤ Cr(x)−1,
¯± ∣∣D2φx,x′∣∣ ≤ Cr(x)−2.
÷°½¶l«¬Ø­9¯° ²¯oÙµ´ ³µ°u±Ú« µ¸ß¯
∀ i ≥ 2, ∣∣∇i Rm∣∣ = O(r−2−i),
³µ°M¾ﬃ¾µ´­²­Ø¹
∀ i ≥ 3, ∣∣Diφx,x′∣∣ ≤ Cir(x)1−i.
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x′
å EõŁßà#²5798 oŁ5ﬁŁ ½ß8õﬁ8
Hx
ë/8
τu := Expu ◦(Tu expx)−1
 + Łßàæ 6#ñ#Łß8r9æµñ#ñ89à#|æµ57õ75Û82åÚ85Û#ñ8rõﬁ89àö>ñ²57õﬁ89àß|æµãﬁß89àõﬁ8
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ë®Du$5ﬀ9æµ57àŁßõ9ﬀñ8ﬂ + ﬁﬁŁß #Łßæµ5
φx,x′ := fx ◦ expx′ |fx′ (Ωx,x′).
 75 õﬁ8ﬂæµãﬁñ² 8578ñõ757à
TxM
ﬁæµ5ﬀ69ñ#Ł
φx,x′ ◦ fx′ ◦ expx = fx ◦ expx′ ◦fx′ ◦ expx
/9ô@89ﬂ;ñ8#Łßæµ5
expx ◦τu = expx′
ﬁæµ52F8ãﬁñ8®ò]æµñóãﬁß8ñ98#8ﬂŁßõﬁ85Û#Ł6Eàæµã7àEò]æµñ8
φx,x′ ◦ fx′ ◦ expx = fx ◦ expx ◦τu ◦ fx′ ◦ expx′ ◦τ−1u
àæµŁ
φx,x′ ◦ fx′ ◦ expx = fˆx ◦ f˜x′
åD <@?>ë
 ô@89
fˆx = fx ◦ expx
8
f˜x′ = τu ◦ fx′ ◦ expx′ ◦τ−1u
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exp∗x′ g
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exp∗x g
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(T0 expx′)
−1(vx′)

τu(Hx′)
89à# + éè|8ñà#ãﬁñ0ò µ9885ﬁö@857õñ698uñß89àö@69æ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V := (dτu)0 ◦ (T0 expx′)−1(vx′)
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89à#uñõﬁ6/75ﬁŁ#Łßæµ5ﬃ + ãﬁ5
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æµ57
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τu(0) = u
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∣∣∣fˆx ◦ f˜x′(w) − fˆx(w)∣∣∣ ≤ C.
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∣∣φx,x′ ◦ fx′ ◦ expx−fx ◦ expx∣∣ ≤ C,
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∣∣φx,x′′ − φx,x′ ◦ φx′,x′′∣∣ ≤ C.
¯± ∣∣Dφx,x′′ −Dφx,x′ ◦Dφx′,x′′∣∣ ≤ Cr(x)−1.
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∣∣fx − φx,x′ ◦ fx′∣∣ ≤ C 8 ∣∣fx′ − φx′,x′′ ◦ fx′′∣∣ ≤ C.
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f˜iq(Ωip(αmA+1) ∩ Ωiq(αmA+1)\Ωi1(αmA))
D
ﬁñﬃﬀ9à989Ł 7æµ5 |8ãﬁ7#æµãﬁ8ñêÛã78æ)( 98rãﬁ5ﬀà857àﬁæµ5.rFæµãﬁñ {p, q} ⊂ [2, k]
φ˜iq ,ip f˜ip = φiq ,i1φi1,ipφip,i1fi1 = φiq ,i1fi1 = f˜iq .
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k−1 Dµ/5õﬁ6ñ#Łô>5Û k−1 ò]æµŁßàåD &
ë/>æµ5r#ñæµãﬁô@8
ãﬁ578ò]æµñóãﬁß8óõã OèF8
df(∇kV ) =
k−1∑
i=1
∇1+k−if ∗ ∇iV +
k−1∑
i=0
∇1+k−if ∗ ∇iV,
98&êãﬁŁ|8ñ8õ+,89à##Ł 8ñ;9æ o|æ>à²5Û8Eæµñ##é7æµö@æµ5uß8Eã 7ßﬁñ89àõﬁ8 ∇kV uñ
∣∣∣∇kV ⊥∣∣∣ ≤ Ck k−1∑
i=1
∣∣∣∇1+k−if ∣∣∣ ∣∣∇iV ∣∣+ Ck k−1∑
i=0
∣∣∣∇1+k−if ∣∣∣ ∣∣∇iV ∣∣ .
çñﬂéÛèFæµ#é!ﬀ9à²8oõﬁ8;ñ69ãﬁñ#ñ85798o8½åD <D
 @ë/|ŁôŁß85Û:
∣∣∇kV ⊥∣∣ ≤ Ck(r−k + r−k) ≤ Ckr−k D
;+ ãﬁ#ñ8ﬂuñ#7853õﬁ6ñ#Łôµ5EåD ><@ë/uæµ52ô@æµŁêã78
∣∣∣(∇kV, V )∣∣∣ ≤ Ck k−1∑
i=1
∣∣∣∇k−iV ∣∣∣ ∣∣∇iV ∣∣ ,
õ+,æ)(Muñ&éè|æµ#é!ﬀ9à8oõﬁ8;ñ69ãﬁñ#ñ85798 :
∣∣(∇kV, V )∣∣ ≤ Ckr−k Dã 75u %æµ5X¢ßﬁŁß85 ∣∣∇kV ∣∣ ≤
Ckr
−k D

ï	 F  D <D <  }°M¾ |LV g| ≤ C0r−2 ¯±¶ﬁ³µ´«E± ³µ´±¯®°u±Ú¹ ¯®« k ≥ 1 ∣∣∣∇kLV g∣∣∣ ≤ Ckr−1−k.

= 
6$
O
çæµãﬁñæµã7à²éu o7àõﬁ8&ô@898ãﬁñà
X
8
Y
7æµ5ﬀ
LV g(X,Y ) = (∇XV, Y ) + (∇Y V,X) lõﬁæµ57
à#Ł
k
89à#ãﬁ5385Û#Łß8ñ5u#ãﬁñ8 
∣∣∇kLV g∣∣ à +,89à##Ł 8uñ ∣∣∇k+1V ∣∣ D 

Ł
φt
õﬁ69àŁö>578/ß8
0uæµCõﬁ8
V
 æµ5&à + Ł56ñ89àà8 }}ò] oŁß8	õﬁ8 6#ñ#ŁßêÛã789à)õﬁ6/75ﬁŁß8/uñ
gt := φ
t∗g

õﬁ8&9æµ5ﬁ578 Łßæµ5ﬀõﬁ8&C8ôŁ û(ŁôŁ² ∇t 8õﬁ8ﬂ9æµãﬁñ#ßﬁãﬁñ8 Rmt D7;+ ß|æµñõ#ﬁãﬁ578&0æµŁß8ﬂòÚæµñEãﬁß8>D

 &

ï	 F  D <D <!+  l¹
X
¯±
Y
­³>°u±ÙÛ¯®­  	¾µ¼¶u­EÙÛ¯ﬀ¯ 9±O¯®´«²­

³µ°M¾
d
dt
∇tXY = Rmt(X,V )Y −∇t,2X,Y V.

= 
6$
O
C9æµ5ﬁ578 Łßæµ5 ∇t 89à#æµßﬁ85Ûã78E852#ñ²57à#Fæµñ#²5o9æµ5ﬁ578 Łßæµ5 ∇ uñ + Łßà²æ 6#ñ#Łß8 φt :
∇tXY = φt∗∇φt∗Xφt∗Y.
åD @ë
Ł57à#Ł 
d
dt
φt∗∇tXY =
d
dt
∇φt∗Xφt∗Y,
õ+,æ)(
φt∗[V,∇tXY ] + φt∗
d
dt
∇tXY = ∇[V,φt∗X]φt∗Y +∇φt∗X [V, φt∗Y ],
98&êãﬁŁ 79ô@89ÔåD @ë}8 + Ł5Ûô>ñ#Ł5798óõﬁ8
V
àæµã7àß8 0uæµuà8ﬂà#Ł oﬁŁ u8&85
d
dt
∇tXY = ∇t[V,X]Y +∇tX [V, Y ]− [V,∇tXY ].
$5ﬀõﬁ6ô@8ßæµﬁ|8&8æµ52ñ8öÛñõﬁ8Ô:
d
dt
∇tXY = ∇t[V,X]Y +∇tX∇tV Y −∇tX∇tY V −∇tV∇tXY+∇t∇tXY V = Rm
t(X,V )Y −∇t,2X,Y V.

89Ł)õﬁæµ5ﬁ578ﬂãﬁ5ﬀ9æµ5Û#ñﬃ2µß8Eà#ãﬁñß89àõﬁ6ñ#Łô@6989à9æ ô>ñ#Ł5Û89àõﬁ89à 6#ñ#ŁßêÛã789à
gt
D
ï	 F  D <D <

 ÷± ¾µ°u±ÙÛ³µ°7°F¬
t0 > 0

³>°M¾ﬂ¶³µ´«
t ≤ t0 
|gt − g| ≤ C0r−2,
∀ k ∈ N∗, ∣∣∇kgt∣∣ ≤ Ckr−1−k,
³b¸ß¯Ø­ ³µ°ﬁ­± ¾µ°u±O¯Ø­
Ci
ÙÛ¬O¶ﬁ¯°lÙÛ¯®°u±ÙÛ¯
t0

ÙÛ¯Ø­Ô·#³µ«®°F¯Ø­r­Ø´«o¸¯®­oÙÛ¬«Ø¹ ¬¯Ø­ÔÙ¯;¸¾ ³µ´« ·®´«¯2¯±Ù¯Ø­
·#³>«Ø°F¯®­ﬂ­Ø´«&¸ ¾·®«#¾>±Ú¹]³µ°
 
 ﬁ (ﬁ

ﬁ   ﬁ

= 
6$
O

Ł
X
89à#ãﬁ5ﬀéu o.õﬁ8ô@898ãﬁñà7æµ53ruñõﬁ6/75ﬁŁ#Łßæµ53õﬁ8oõﬁ6ñ#Łô@698&õﬁ8óŁß8:
d
dt
gt(X,X) = (φ
t∗LV g)(X,X)
õﬁæµ57&85ﬀ57æµ²5Û L ß8&à#ãﬁﬁñ8óã  õﬁ8 |LV g| à#ãﬁñ 7ßﬁñ8&9æµ57àŁßõﬁ6ñ6987æµ5ﬀæµßﬁ#Łß85Û
−Lgt(X,X) ≤ d
dt
gt(X,X) ≤ Lgt(X,X)
õ+,æ)(ﬀ85ﬀŁ5Û6ö>ñ²5Ûr:
g(X,X)e−Lt ≤ gt(X,X) ≤ g(X,X)eLt.

 ><
%8&ß8 8 D <D <;ß|æµñ#578 L :
g(X,X)e−Cr
−2 ≤ gt(X,X) ≤ g(X,X)eCr−2 ,
õ+,æ)( rﬁñ8oŁﬁﬀñ8ó89à##Ł ½#Łßæµ5%D7æµ5ﬁ57æµ57à57æµã7à ½Ł585u5Û#ñæµŁßàéu o7àõﬁ8ô@898ãﬁñà
X

Y

Z
Du$53
(∇tXgt)(Y,Z) = 0 = X · gt(Y,Z)− gt(∇tXY,Z)− gt(Y,∇tXZ),
8
(∇Xgt)(Y,Z) = X · gt(Y,Z)− gt(∇XY,Z)− gt(Y,∇XZ),
õﬁæµ577àŁ%æµ5 57æµ8
At
ß8&857à8ãﬁñ ∇t −∇ Ł%ôŁß85Û
(∇Xgt)(Y,Z) = gt(At(X,Y ), Z) + gt(Y,At(X,Z)).
$5 ñ8#Łß857õñ²o +,69ñ#Ł#ãﬁñ8óà#ãﬁŁô>5Û8:
∇gt = gt ∗At. åD !+ë
C;òÚæµñEãﬁß8&õã ß8 8 D <D <!+57æµã7àﬁﬁñ857õ êã78
At =
∫ t
0
(Rms(., V )−∇s,2V )ds.
çñŁ5ôµñ#Ł5798&õﬁ8&;9æµãﬁñ#ßﬁãﬁñ8óàæµã7àŁßà²æ 6#ñ#Łß89à7æµ53
Rmt = φt∗ Rm
åD 

ë
8ö>ñµ98@2åD @ë 0æµŁ5?r + Ł5Ûô>ñ#Ł5798rõﬁ8
V
àæµã7àß850uæµ
∇t,2V = φt∗∇2V. åD @ë
$5XõŁßàFæ>à8½õﬁ8oßFæµñ#5789àEà#ãﬁñ
gt

Rm
8 ∇2V :åD @ëﬂ9æµ57õãﬁŁ% ∣∣Rmt∣∣ ≤ Cr−2 åÚ8  ﬂ8
r−3
ë/
∣∣∇t,2V ∣∣ ≤ Cr−2 8 ∣∣At∣∣ ≤ Cr−2 D

ãﬁﬁ|æ>àæµ57à ½Ł5Û85u5Û/êã%+,æµ5EŁæµ5#ñ6êã78/|æµãﬁñ%ãﬁ5ó98ñ#²Ł5
k ≥ 1 9|æµãﬁñ 0 ≤ i ≤ k−1
8
t ≤ t0  ∣∣∇i(gt − g)∣∣ ≤ Cr−1−i∣∣∇i Rmt∣∣ ≤ Cr−2−i∣∣∇i∇t,2V ∣∣ ≤ Cr−2−i
/5ﬀuñ##ŁßãﬁŁß8ñuæµ53
∀ t ≤ t0, ∀ i ∈ [0, k − 1],
∣∣∇iAt∣∣ ≤ Cr−2−i.

æµŁ
t ≤ t0 Dﬁ/5ﬀõﬁ6ñ#Łô>5ÛråD !+ë/uæµ5ﬀæµßﬁ#Łß85ÛEòÚæµñEãﬁß8
∇kgt =
k−1∑
i=0
∇k−1−igt ∗ ∇iAt.

 
çñéÛè|æµ#é!ﬀ9à82õﬁ8ﬃñ69ãﬁñ#ñ85798/ŁôŁß85Û
∣∣∇kgt∣∣ ≤ Cr−1−k D/ç)æµãﬁñ½9æµ5#Ł5Ûã78ñæµ5ﬀß|89àæµŁ5
õ+,89à##Ł 8ñ
∣∣∇t,iAt∣∣  i ≤ k − 1 DFçæµãﬁñ98óò Łñ8læµ5.õﬁ699æ oFæ>à8r½9æµ5ﬁ578 Łßæµ5 ∇t 85 ∇+ At D
89Łﬁ|8ñ8	õﬁ8ßFæµñ#578ñ
∣∣∇t,iAt∣∣ uñ/ãﬁ578à²æ  8õ+ ãﬁ5o57æ óßﬁñ8ß|æµñ#576õﬁ88ñ89à	õﬁ8}òÚæµñ8(
i−1∏
α=0
∣∣∇αAt∣∣mα
)∣∣∣∇βAt∣∣∣
 ô@89&õﬁ89à85#Łß8ñà5u#ãﬁñ8ßà
mα

β
ô@6ñ#Ł l5
i−1∑
α=0
(1 + α)mα + β = i.
çñ;éÛèFæµ#é!ﬀ9à8¢õﬁ8ñ69ãﬁñ#ñ85798/²éuµãﬁ5_õﬁ8½989àr8ñ89à;89à#óß|æµñ#576½uñ
Cr−(2+α)mα−2−β ≤
Cr−2−i
7õﬁæµ57 ∣∣∇t,iAt∣∣ ≤ Cr−2−i.
-bŁ5Û85u5ﬁ85ﬃ69ñ#Łô>5Û ∇ = ∇t−At æµ5ﬃ89à##Ł 8 ∣∣∇k Rmt∣∣ uñãﬁ578àæ  8õ+ ãﬁ5ﬃ57æ óßﬁñ8
ß|æµñ#576&õﬁ88ñ89àõﬁ8&EòÚæµñ8
(
k−1∏
α=0
∣∣∇t,αAt∣∣mα
)∣∣∣∇t,β Rmt∣∣∣
 ô@89&õﬁ89à85#Łß8ñà5u#ãﬁñ8ßà
mα

β
ô@6ñ#Ł l5
k−1∑
α=0
(1 + α)mα + β = k.
çñ}åD 

ëC8åD @ë/ æµ5ó|8ãﬁ)89à##Ł 8ñ
∣∣∇t,β Rmt∣∣ uñ ∣∣∇β Rm∣∣ 8õﬁæµ57	uñ r−2−β Dã,75u 
æµ5o#ñæµãﬁô@8
∣∣∇k Rmt∣∣ ≤ Cr−2−k D>/5oﬁñæ969õ75Ûõﬁ8  ﬂ8>æµ5æµßﬁ#Łß85 ∣∣∇k∇t,2V ∣∣ ≤ Cr−2−k
8æµ5 9æµ57ãﬁuñß8ﬂﬁñ#Ł57Ł|8&õﬁ8ñ69ãﬁñ#ñ85798>D

$5.ãﬁñ²ã7àà#Łß|89àæµŁ5 õ+,89à##Ł 8ñoßæµ5ﬁö>ã78ãﬁñõﬁ89à 7ßﬁñ89àﬁõﬁæµ5ﬁ57698óuñrò]æµ57#Łßæµ5
l
D
ï	 F  D <D <  }°M¾ |dl| ≤ C1r−2 ¯±%¶³µ´«ó± ³µ´± k ≥ 2 ∣∣∣∇kl∣∣∣ ≤ Ckr−k

= 
6$
O
çñ9æµ57à##ñ#ã7#Łßæµ5uæµ5ﬀõŁßà#|æ>à8ﬂõﬁ8 + Łßõﬁ85Û#Ł6
φl(x)(x) = x,
åD @?>ë
ô>ßﬁß8M85 æµãﬁ¢|æµŁ5Û
x
õﬁ8
M\K D}/5 õﬁ6ñ#Łô>5Ûæµ5 #ñæµãﬁô@8 dl ⊗ V + Tφl = id 82à#Ł
 +,æµ5Q9æµ57à#Łßõ9ﬀñ8;ß8;ﬁñæõãﬁŁ&à Łñ8 ô@89
V
FŁ/ôŁß85Û
dl = (g − gl)(V, .) D%/5Qõﬁ6ñ#Łô>5ÛE98#8
8 ﬁñ89àà#Łßæµ57æµ52#ñæµãﬁô@8
∇kl =
k−1∑
i=0
∇i(g − gl) ∗ ∇k−1−iV,

 !+
õ+,æ)(u ô@89½åD <D <

ë/)åD <D <><@ë8;ß|æµñ#578ﬂà#ãﬁñ
l
:
∣∣∇kl∣∣ ≤ Cr−k D 
89à89à##Ł ½#Łßæµ57à57æµã7àF8ñ8#85õﬁ8&9æµ5#ñﬃ2µß8ñ
h
D
 âu¨¤7¨)¡ ¨)© D <D <@?  %¾¢¼½¬±Ú«®¹Ú»9´ﬁ¯
h
³Û·±O¯®°7´7¯¯®°X¼o³>Ý@¯°7°l¾µ°u±
g
¸ß¯E¸ ³>°( ÙÛ¯E¸¾ ·®«#¾>±Ú¹]³µ°
¯®° ²¯« ¸ß¯Ø­o³Û·¬®¹Ú±¾>´µø2¯Ø­±Ú¹§¼½¬¯Ø­
|h− g| ≤ Ckr−2
¯±

¶ﬁ³µ´«
k ≥ 1  ∣∣∣∇kh∣∣∣ ≤ Ckr−1−k,
³
Ck
¯Ø­±&´°F¯ ³µ°ﬁ­± ¾µ°u±O¯3ÙÛ¬O¶ﬁ¯®°FÙ@¾µ°u±rÙÛ¯2¸ ¯®°u±Ú¹ ¯®«2°l¾>±Ú´«#¯¸
k 
¾µ¹°ﬁ­®¹ﬂ»9´ﬁ¯3ÙÛ¯Ø­3·#³µ«®°F¯Ø­2­®´«ﬃ¸¾
³>´« ·®´«#¯Ô¯±/­®´«&¸¾·®«#¾>±Ú¹Ú³>°
 
 ﬁ (ﬁ

ﬁ    ﬁ

= 
6$
O
çñõﬁ6/75ﬁŁ#Łßæµ5ﬀõﬁ8
h
7æµ5ﬀ
h− g = 1
l
∫ l
0
(gt − g)dt
;+,æ)( rﬁñ8oŁﬁﬀñ8E89à##Ł 698u9ô@89ÔåD <D <

ë®Du6ñ#Łô@æµ57àó:
∇h = dl
l
⊗ (gl − h) + 1
l
∫ l
0
∇gtdt.
/5 ò]Ł|æµãﬁñæµãﬁ85#Łß8ñ
k ≥ 1 ﬁæµ5ﬀæµßﬁ#Łß85Ûuññ69ãﬁñ#ñ85798:
∇kh =
k∑
i=1
Cik
∇il
l
⊗∇k−i(gl − h) + 1
l
∫ l
0
∇kgtdt.
åD <D <

ë8óåD <D <@ëõﬁæµ5ﬁ5785Ûßæµñàuññ69ãﬁñ#ñ85798Ô:
∣∣∇kh∣∣ ≤ Cr−1−k D 
á¨âu¨¥Û¥@)â  D <D <

 C¾ ³>´« ·®´«#¯½ÙÛ¯
h
¯Ø­± ¢ÙÛ¬9«0³µ¹§­²­9¾µ° ²¯ ´ﬁ·¹Ú»´7¯ ﬁ

= 
6$
O
çæ>àæµ57à ∇h = ∇g +A 8æµß7à8ñ#ô@æµ57àEò]æµñóãﬁß8
Rmh(X,Y ) = Rmg(X,Y ) +∇gYA(X)−∇gXA(Y ) +A(Y )A(X) −A(X)A(Y ).
$ñ&æµ5X |Rmg| ≤ Cr−3 8ﬂ¢ﬁñæµFæ>àŁ#Łßæµ5 D <D <@?½òÚæµãﬁñ#5ﬁŁ |A| ≤ Cr−2 8 |∇gA| ≤ Cr−3 D
æµ57 |Rmh| ≤ Cr−3 D 
-bŁ5Û85u5uõﬁ89à9857õﬁæµ57à
h
852ãﬁ578 6#ñ#Łßêã78ñ#Łß8½5ﬁ5ﬁŁß85ﬁ578
hˇ
à#ãﬁñ
X
:|æµãﬁñæµãﬁ|æµŁ5Û
y
õﬁ8
X
|æµãﬁñoæµãﬁoô@898ãﬁñ
w
õﬁ8
TyX
/æµ5hé7æµŁßà#Łãﬁ5_ñ8ß8ô@6
x
õﬁ8
y
å
pi(x) = y
ëE8æµ5
|æ>à8
hˇy(w,w) = hx(v, v)
æ)(
v
89à# + ãﬁ5ﬁŁßêã78Eñ8ß8ô@6óõﬁ8
w
õ757àß8óàæµã7à#ûO89à#uµ98óõﬁ8
TxM
êãﬁŁ
89à#ó57æµñ½$
pi−1(y)
|æµãﬁñ
h
%98#8õﬁ6/75ﬁŁ#Łßæµ5 2ãﬁ5Xà857àﬂuñ98ÔêÛã78;ß89à,0uæµà
φt
àæµ5óõﬁ89à
Łßàæ 6#ñ#Łß89àD
 âu¨¤7¨)¡ ¨)© D <D <
X
¯Ø­±	Ùµ¹ ¬³µ¼³µ« ¶ 	¯&¾µ´ ³µ¼¶l¸ß¬®¼½¯®°u± ¾>¹§«¯&Ù ´°F¯&·#³µ´¸ß¯óÙ@¾>°ﬁ­
R
n−1 
¬*µ¯®°u±Ú´7¯®¸§¸ß¯®¼½¯®°u±/»´ﬁ³>±Ú¹ ¯®°u±O¬/¶¾µ«´°½­³µ´­  µ«0³>´ ¶ﬁ¯	°7¹%ÙÛ¯
O(n−1) ¯9± hˇ ¯Ø­±C´°F¯¼½¬±Ú«Ø¹]»´7¯  C÷ 
Ù ³µ«#Ùµ«¯
1
­Ø¹
n ≥ 5  Ù ³µ«#Ùµ«¯ τ ¶³µ´«E± ³µ´± τ < 1 ­Ø¹ n = 4 ﬁ

 

= 
6$
O
 75¢õ+,89à#Ł 8ñE9æµãﬁñ#ßﬁãﬁñ8õﬁ8
(X, hˇ)
æµ5Ôãﬁ#ŁŁßà8&òÚæµñEãﬁß8õﬁ8ﬂ$r+,8Łå'ﬃ,B}89à' ë/êÛãﬁŁFõŁêã78
à#Ł
Y
8
Z
àæµ5õﬁ89àéu o7àõﬁ8ô@898ãﬁñàãﬁ5ﬁŁ²Łñ89àæµñ##é7æµö@æµ5uã 8é7æµñ#Ł < æµ5²ãﬀà#ãﬁñ
M\K 
ßæµñà
Secthˇ(pi∗Y ∧ pi∗Z) = Secth(Y ∧ Z) +
3
4
h([Y,Z], V )2
%8&ﬁñ8oŁß8ñ8ñ8&õﬁ69ñæ-:ßãﬁßﬁŁßêã7885Ûuñß8ﬂ9æµñæµŁñ8 D <D <

Du8&ﬁã7à
h([Y,Z], V ) = −(∇Y h)(Z, V )− h(Z,∇Y V ) + (∇Zh)(Y, V ) + h(Y,∇ZV ).
çñß8ß8 8 D <D <><8ß8ﬂ9æµñæµŁñ8 D <D <@? 7æµ53æµßﬁ#Łß85Û
|h([Y,Z], V )| ≤ Cr−2.
;+,æ)(X: ∣∣Secthˇ(pi∗Y ∧ pi∗Z)∣∣ ≤ Cr−3.
/9æ  8E½ñæµŁßààØ5798óõã.ô@æµã 8Eõﬁ89àß|æµãﬁß89àõ757à
(X, hˇ)
89à# ½ Ł ½ß8|98#8rõﬁ69ñæµŁßà0û
à²5798ﬀãﬁßﬁŁßêÛã783õﬁ82M9æµãﬁñ#ßﬁãﬁñ83F8ñ8½õ+ ﬁﬁŁßêã78ñ½ß8ﬀñ69à#ãﬁ²½õﬁ8 ﬃ,B
ﬂ  /ñ²ﬁ|8ß6 õ757à
 + Ł5#ñæõã7#Łßæµ5_å#é769æµñﬃﬀ8E=D =D @ë®D

       * , 

$5. æµ5Û#ñ6&ß8#é769æµñﬃﬀ8Eà#ãﬁŁô>5Û D
 óC7¨)âF  D <D >=  |³µ¹±
(Mn, g)  n ≥ 4  ´°F¯  ¾µ«®¹]¬9±O¬}«®¹]¯®¼¾µ°u°7¹]¯°7°F¯ ³µ¼¶l¸ ±O¯  ²³µ°7°F¯#ø¯ 
Ù@³>°u±	¸¾ ³µ´«9·®´«¯)¬®«®¹ }¯
|Rm| = O(r−3) ¯± |∇Rm| = O(r−4),
¾µ¹°ﬁ­®¹/»9´ﬁ¯
∀ i ≥ 2, ∣∣∇i Rm∣∣ = O(r−2−i)
¯±}Ù@³µ°l±	¸ß¯ ³µ¸º´¼½¯rÙÛ¯Ø­r·#³µ´¸ß¯Ø­ﬀ¬®«®¹ ¯
∀x ∈M, ∀ t ≥ 1, Atn−1 ≤ volB(x, t) ≤ ω(t)tn
¾µ¯
A > 0
¯±
lim
t−→∞
ω(t) = 0
ﬁ°ﬃ­®´ ¶Û¶³­9¯&¾µ´Û­Ø­Ø¹»´  ¹¸|¯#øµ¹§­®±O¯´°F¯ ²³µ°ﬁ­®± ¾>°u±O¯
c > 1
±O¯®¸§¸ß¯»´7¯
­®¹
γ
¯Ø­®±´°b¸¾ ²¯±¬#³ ÙÛ¬Ø­®¹Ú»9´ﬁ¯Ô·#¾­9¬o¯°
x
¯±Ù¯E¸ ³µ° µ´ﬁ¯´«
L ≤ c−1r(x)  ¾µ¸³µ«²­&¸ 	³µ¸³µ°l³µ¼;¹ ¯ H
Ùµ´ﬀ¸ ¾ Ø¯± ¬®«®¹ ¯
|H − id| ≤ cL
r(x)
.

¸³µ«Ø­Ô¹¸¯#ø>¹­±O¯ﬃ´° ³µ¼¶¾  ±
K
ÙÛ¯
M 
´°F¯ﬀ·³µ´¸ß¯
B
ÙÛ¯
R
n−1  ´°_­³>´Û­* µ«#³µ´¶ﬁ¯ﬀ	°7¹ G
ÙÛ¯
O(n− 1) ¯±/´°F¯ ·®«#¾>±Ú¹Ú³>°b¯®° ²¯®«¸¯®­ pi : M\K −→ (Rn−1\B)/G ﬁ r¯¶F¸º´­  ¸ ¾¼½¬±Ú«Ø¹]»´7¯ g
¬«Ø¹ ¯ ∣∣g − pi∗g˜ − η2∣∣ = O(r−2)

 
¯±
∀ k ∈ N∗,
∣∣∣∇k(g − pi∗g˜ − η2)∣∣∣ = O(r−1−k)
³
η2
¼½¯Ø­®´«¯¸ ¾¶l«#³0Ü9¯ 9±Ú¹Ú³>°¢¸ß¯¸ ³µ° EÙÛ¯®­ }·®«#¯®­¯9±
g˜
¯®­®±%´°F¯¼½¬±Ú«Ø¹]»´7¯

C÷e­Ø´«
R
n−1  Ù  ³µ«#Ùµ«¯
1
­Ø¹
n ≥ 5  Ù ³µ«#Ùµ«#¯ τ ¶³µ´«ó± ³µ´± τ < 1 ­Ø¹ n = 4 ﬁ
	5ﬀà8ñ²ﬁ|85Ûõﬁ8oﬁñ8oŁﬁﬀñ8ﬂuñ##Łß8óõﬁ8ﬂ98 6æµŁñ8uæµ53ñ#ñ#Łô@8óã
 óC7¨)âF  D <D &
  |³µ¹±
(Mn, g)  n ≥ 4  ´°F¯  ¾µ«®¹]¬9±O¬}«®¹]¯®¼¾µ°u°7¹]¯°7°F¯ ³µ¼¶l¸ ±O¯  ²³µ°7°F¯#ø¯ 
ì¹ ¹ ¶l¸¾>±O¯

ÙÛ³µ°u±	¸¾ ³µ´«9·´«¯¯Ø­±Ù@¾>°ﬁ­
L
n
2 (rdvol)
¯9±Ù@³>°u±	¸ß¯ﬀ ³µ¸ ´¼½¯;ÙÛ¯Ø­E·#³>´¸ß¯Ø­ µ¬®«Ø¹ ¯
∀x ∈M, ∀ t ≥ 1, Atn−1 ≤ volB(x, t) ≤ ω(t)tn
¾µ¯
A > 0
¯±
lim
t−→∞
ω(t) = 0
ﬁ°ﬃ­®´ ¶Û¶³­9¯&¾µ´Û­Ø­Ø¹»´  ¹¸|¯#øµ¹§­®±O¯´°F¯ ²³µ°ﬁ­®± ¾>°u±O¯
c > 1
±O¯®¸§¸ß¯»´7¯
­®¹
γ
¯Ø­®±´°b¸¾ ²¯±¬#³ ÙÛ¬Ø­®¹Ú»9´ﬁ¯Ô·#¾­9¬o¯°
x
¯±Ù¯E¸ ³µ° µ´ﬁ¯´«
L ≤ c−1r(x)  ¾µ¸³µ«²­&¸ 	³µ¸³µ°l³µ¼;¹ ¯ H
Ùµ´ﬀ¸ ¾ Ø¯± ¬®«®¹ ¯
|H − id| ≤ cL
r(x)
.

¸³µ«Ø­Ô¹¸¯#ø>¹­±O¯ﬃ´° ³µ¼¶¾  ±
K
ÙÛ¯
M 
´°F¯ﬀ·³µ´¸ß¯
B
ÙÛ¯
R
n−1  ´°_­³>´Û­* µ«#³µ´¶ﬁ¯ﬀ	°7¹ G
ÙÛ¯
O(n− 1) ¯±/´°F¯ ·®«#¾>±Ú¹Ú³>°b¯®° ²¯®«¸¯®­ pi : M\K −→ (Rn−1\B)/G ﬁ r¯¶F¸º´­  ¸ ¾¼½¬±Ú«Ø¹]»´7¯ g
¬«Ø¹ ¯ ∣∣g − pi∗g˜ − η2∣∣ = O(r−2)
¯±
∀ k ∈ N∗,
∣∣∣∇k(g − pi∗g˜ − η2)∣∣∣ = O(r−1−k)
³
η2
¼½¯Ø­®´«¯¸ ¾¶l«#³0Ü9¯ 9±Ú¹Ú³>°¢¸ß¯¸ ³µ° EÙÛ¯®­ }·®«#¯®­¯9±
g˜
¯®­®±%´°F¯¼½¬±Ú«Ø¹]»´7¯

C÷e­Ø´«
R
n−1  Ù  ³µ«#Ùµ«¯
1
­Ø¹
n ≥ 5  Ù ³µ«#Ùµ«#¯ τ ¶³µ´«ó± ³µ´± τ < 1 ­Ø¹ n = 4 ﬁ
	
 D <D + ﬁ	+ éÛè|æµ#é!ﬀ9à8Ł56ö>ñ²ß8àãﬁñ	&9æµãﬁñ#ßﬁãﬁñ889à#	uñ8 8oﬁß8öÛñ²5Û#Łß8uñãﬁ578
õﬁ69ñæµŁßààØ5798&à#ãﬁñêãuµõñ²#ŁßêÛã78>D
ﬂ57àß8ó µõñ8&õﬁ89àŁ57à#²5æµ57àö>ñ² ôŁ²#Łßæµ5ﬁ578ßàuß8ñ69à#ãﬁ²89à#ß8ﬂà#ãﬁŁôµ5 D
 óC7¨)âF  D <D >< F³>¹±
(M4, g)
´°F¯  ¾>«Ø¹ ¬±O¬ 	Ý²¶7¯®«	
 	Û¸ß¯®«Ø¹ ¯®°7°|¯ ³µ¼¶l¸ ±O¯

³>°7°F¯#øÛ¯

ÙÛ³µ°u±
¸¾ ³µ´«9·®´«¯¯Ø­®±}Ù@¾µ°7­
L2(rdvol)
¯±ÙÛ³µ°u±	¸ß¯ﬀ ³µ¸ ´¼½¯rÙÛ¯Ø­r·³µ´¸ß¯Ø­ﬀµ¬®«Ø¹ ¯
∀x ∈M, ∀ t ≥ 1, At3 ≤ volB(x, t) ≤ Bt3
¾µ¯
B ≥ A > 0 ﬁ  ¸³µ«Ø­¹§¸F¯øµ¹­±O¯´° ³>¼¶ﬁ¾ 9± K ÙÛ¯ M  ´°F¯ﬂ·³µ´¸ß¯ B Ù¯ R3  ´°¢­³µ´­  µ«#³µ´ ¶7¯
	°u¹
G
ÙÛ¯
O(3)
¯9±C´°F¯·®«#¾>±Ú¹Ú³>° ¯° ²¯« ¸ß¯Ø­
pi : M\K −→ (R3\B)/G ﬁE¯/¶l¸ ´­  ¸¾&¼½¬±Ú«®¹Ú»9´ﬁ¯
g
¬®«®¹ }¯ ∣∣g − pi∗g˜ − η2∣∣ = O(r−2)
¯±
∀ k ∈ N∗,
∣∣∣∇k(g − pi∗g˜ − η2)∣∣∣ = O(r−1−k)
³
η2
¼¯®­Ø´«#¯E¸¾¶F«0³0Ü ¯9±Ú¹]³µ°b¸ß¯&¸³µ°(ﬃÙÛ¯®­·®«¯Ø­r¯±
g˜
¯Ø­±	´°F¯ó¼½¬±Ú«Ø¹]»´7¯

)÷ ­®´«
R
3  Ù  ³µ«#Ùµ«¯
τ
¶ﬁ³µ´«r± ³µ´±
τ < 1
ﬁ
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)8ñoŁ57æµ57àuñ}êÛã78ßêã789à}9æ  85Û²Łñ89àà#ãﬁñóæµFæµßæµö>Łß85ó + Ł575ﬁŁ Dﬁ"ãﬁŁ#85E9æµ57à#Łßõﬁ6ñ8ñ
à6uñ685½ß89à½ßFæµãﬁà/æµ5F8ãﬁà#ãﬁﬁ|æ>à8ñ½êã78
Mn
5%+ Mêã%+ ãﬁ5hß|æµãﬁ D$5à + Ł56ñ89àà8 .
æµ|æµßæµö>Łß8õﬁ8 +,89à#uµ989æµ5ﬁ578 ﬁ8
E = M\K êãﬁŁ Ûõ+ ﬁñﬃﬀ9àß8#é769æµñﬃﬀ8 D <D >= 7ßﬁñ885Ô98ñß89à
ãûOõﬁ89ààã7àrõﬁ8
X = Rn−1\B/G D  + Łßõﬁ8ﬃõﬁ8½ﬀﬁñæ-#89#Łßæµ5 p : X¯ = Rn−1\B −→ X =
R
n−1\B/G /æµ5_|8ãﬁo#Łñ8ñ85ñ#ñ#Łﬁﬀñ8 98#8 7ßﬁñ²#Łßæµ5 pi 85_ãﬁ578 7ßﬁñ²#Łßæµ585h98ñß89à p¯i :
E¯ −→ X¯ Dﬁ+,89à#uµ98 E¯ 89à#ß8ﬂñ8ô6ﬂ885Û 75ﬁŁCõﬁ8 E uõ+,æµñõñ8 |G| 7õﬁ6/75ﬁŁ%uñ
E¯ =
{
(x¯, e) ∈ X¯ ×E, p(x¯) = pi(e)}
8
p¯i
89àõﬁæµ5ﬁ57698uñ}óﬁñæ-089#Łßæµ5 à#ãﬁñß8ﬁñ8oŁß8ñò]µ8ãﬁñóå
pr1
ë®D$5ﬃ|8ãﬁñ69àã 8ñ}989Ł|uñ
ß8&õŁö>ñ²  8E9æ  óãﬁ²#Ł ò:
E¯
(pr2)−−−−→ Eyp¯i ypi
X¯
p−−−−→ X
BŁß85ﬀà 	ﬁñ
X¯ = Rn−1\B   ﬂ8óOèF8ﬂõ+ é7æ æµæµﬁŁß8rêÛã78 Sn−2 D7)oà#ãﬁŁ8&8 7µ8ﬂßæµ5ﬁö>ã78
õ+ é7æ æµæµﬁŁß8rµààæŁß698,;@7ßﬁñ²#Łßæµ5
p¯i
· · · → pii(S1) → pii(E¯) → pii(X¯) → pii−1(S1) → · · ·
ò]æµãﬁñ#5ﬁŁŁ  69õŁ885Û
∀ i ≥ 3, pii(E¯) = pii(Sn−2)
8
0 → pi2(E¯) → pi2(Sn−2) → Z → pi1(E¯) → pi1(Sn−2) → 0.
"ãu57õhMõŁ 857à#Łßæµ5
n
ô>ãﬁ½ã æµŁ57à
5
/æµ5æµßﬁ#Łß85Ôõﬁæµ57
pi2(E) = pi2(E¯) = 0
8
pi1(E¯) = Z
D
	5ﬀõŁ 857à#Łßæµ5
4
ﬁoàãﬁŁ8ﬂ8 ﬁµ8&89à
0 → pi2(E¯) → Z φm→ Z → pi1(E¯) → 0,
æ)(
φm
89à# óãﬁ#ŁﬁŁß #Łßæµ5.uñãﬁ5 85Û#Łß8ñ
m
DﬁOè2;õﬁ8ã  µà&:

 à#Ł
m = 0

pi2(E) = pi2(E¯) = Z
8
pi1(E¯) = Z


 à#Ł57æµ5
pi2(E) = pi2(E¯) = 0
8
pi1(E¯) = Z/mZ
D
$5_|8ãﬁﬂ#ñ8ﬃﬁã7àoﬁñ69Łßà +/%89à 7ßﬁñ²#Łßæµ57à8598ñß89àà#ãﬁñ
X¯
àæµ5ß89à  ﬂ89à½êã78ﬃß89à
7ßﬁñ²#Łßæµ57ào85 98ñß89àràãﬁñ
Sn−2
D) 578½õﬁ699æ o|æ>à#Ł#Łßæµ5_85dé76oŁßàﬁé!ﬀñ89àrõﬁ8
Sn−2
|8ñ8rõﬁ8
ô@æµŁñoãﬁ578 7ßﬁñ²#Łßæµ5h85h98ñß89àoà#ãﬁñ
S
n−2 9æ  8ﬃñ899æµß885Ôõﬁ8ﬃõﬁ8ã 7ßﬁñ²#Łßæµ57ào#ñ#ŁôŁß89à
B
n−2 × S1  + ﬁﬁŁß #Łßæµ5bõﬁ8ñ899æµß885Ûà +,69ñ#Ł
S
n−3 × S1 → Sn−3 × S1
(x, eiθ) 7→ (x, ψ(x, eiθ))
æ)(
ψ(x, .)
89à#ãﬁ53é7æ 69æ æµñ#ﬁéﬁŁßà8½õﬁ8
S
1 85.æµãﬁFæµŁ5 x
D$5.F8ãﬁà8rõﬁæµ5ﬁ578ñãﬁ5.|æµŁ5Û
ßuµà8
(x0, 1)
õ757à
S
n−3 × S1 8ﬂß8oà#ãﬁﬁ|æ>à8ñ  ﬁ6êÛãﬁŁ#8 ﬃ8/189#ã78ñ&ãﬁ578;ñæµ²#Łßæµ5dõﬁ8 S1 :
ψ(x0, 1) = 1
D%$5bF8ãﬁﬂ6öÛß885&à#ãﬁﬁFæ>à²8ñêã78
ψ(x0, .)
89à#ãﬁ5.é7æ 69æ æµñ#ﬁéﬁŁßà 8oõŁñ89

 

õﬁ8
S
1 CêÛãﬁŁ#82ñ85Ûô@8ñà8ñr +,æµñ#Łß85Û²#Łßæµ5eõﬁ8 + ãﬁ5Xõﬁ89à&ò]µ8ãﬁñà
S
1 D%ßæµñàuñó9æµ5ﬁ578 Ł6½õﬁ8
S
n−3  ψ(x, .)
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